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1. INTRODUCTION

The purpose of this manuscript is to give an exposition on the following theorem, stated
now without proof:

Theorem ([CGT1]). Let (M, g) be a complete Riemannian manifold of nonnegative Ricci
curvature. Then (M, g) is isomorphic to the product R¥ x N, where N contains no lines, and
R¥ has its usual flat metric.

In other words, if the manifold M contains a certain special geodesic, that is, a line, then we
achieve a global product structure; an example of a local-to-global result. This is a surprising
result, since a priori, Ric > 0 is a relatively loose condition, and the existence of a line feels
like a very minimal requirement. However, consider the following example, in which the lack
of nonnegative Ricci curvature can be shown to be an obstruction to a product structure.

Example 1.1 (Manifold with line but Ric < 0). Consider the hyperbolic plane H with its
standard metric § = (dz* + dy?)/y?. Hyperbolic space is complete and simply connected, and
recall that geodesics take the form of semicircles whose centers lie on the x-axis, and vertical
rays of the form x = ¢ perpendicular to the z-axis. Let us focus on the latter.

Consider a vertical geodesic v(t) parameterized by arc length, that is, it is unit speed.
Such a geodesic follows x = ¢ for some ¢ € R, hence dz = 0. Therefore our metric reduces to
the line element ds? = dy?/y?, which we can take the square root of to get ds = dy/y (this is
well-defined since y > 0 in the upper half plane, so y = |y|). Since 7 is unit-speed, we have
that ds = |y/| dt = dt. Integrating the line element therefore gives

d
t:/dt:/ds:/?yzlny—l—a
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F1GURE 1. There does not exist a globally minimizing geodesic on the sphere
S2: following the blue geodesic «y starting at the point p is minimizing up until
the antipode —p of p, after which point it ceases to be minimizing; that is, ~
between p and ¢ is not a minimizing geodesic. Instead, it is more efficient to
follow the red path 7, following the other way around the great circle.

and therefore y(t) = e'. Notice that as t — —oo, y(t) — 0, and as t — oo, y(t) — oo. So,
Y(t) = (¢, e') is defined for all ¢ € R. Since H has constant sectional curvature sec = —1, we can
apply the Cartan-Hadamard Theorem (Theorem 12.8 in [Leel8]) to get that exp,, : T,M — M
is a global diffeomorphism for all p € M, hence between any two points there exists a unique
geodesic; therefore every geodesic segment of v is minimizing, and so ~ is indeed a line.
Since sec = —1, Proposition 8.36 in [Leel8] says Ric(v,v) = —g(v,v) < 0. Suppose then
for the sake of contradiction that H splits. Then we can write H = (R x N, dt* @ gy) where N
is nontrivial. Suppose 0; is the unit vector in the R-direction and X is a unit vector tangent
to N, and consider the plane IT = span{0;, X }. Notice that V5,0, = V5, X = Vx0;, =0, so

R(@t, X)@t - v(’)tVXat - VXV(’)tat - V[ahx]at

= VatO - VXO - VOat

=0.
Therefore the sectional curvature is
0y, X)X, 0y) _ (0, 0y) _
|0y N X|? |0, N X|?
This contradicts the fact that H has constant sectional curvature of —1, so although this
manifold contains a line, it does not split.

sec(Il) = il

Similarly, the existence of a globally minimal geodesic — a line — also feels like a loose
condition; however it can be helpful to consider how lines force noncompactness. Indeed, one
can consider the (compact) sphere and see that it is not a product.

Example 1.2 (Manifold with Ric > 0 but no line). Consider the unit sphere S? with the
round metric §; then the geodesics are great circles. Notice that for a point p € S?, its cut
locus is the singleton set {—p}. In particular for ¢ € [0, 7), the segment 7|4 is minimizing.
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At t = m, we have that v(p) = —p, the antipode of p. However, when ¢ > 7, the segment
Ylj0,4 is not minimizing, since it is now more efficient to go the other way around the great
circle to get from p to y(t) — see Figure 1. This result means that not all segments of v are
minimizing (the segments restricted to [0, ¢] with ¢ > 7), hence there are in fact no rays (nor
lines, necessarily) on S2.

Also, the sectional curvature of the sphere is identically 1, and Proposition 8.36 of [Leel8]
gives that Ric(v,v) = (2 — 1)g(v,v) = g(v,v) > 0. Notice that S? is compact; however if it
were to split as S? = M x R, this would be a non-compact manifold because of the R-factor.

Lastly, although clearly a product a priori, we can identify nonnegative Ricci curvature
and the existence of a line in the following example.

Example 1.3 (Manifold that splits). Consider the manifold M = S? x R with the metric
g = §@dt?. Since Ricy«n = Ricys @ Ricy, we have that Ricgz, g = Ricg2 +0 = gs2 > 0. Also,
if we fix p € S?, then the curve v(t) = (p,t) is a unit speed geodesic along the R-direction. It
is globally minimizing since for any s < t, we have d(y(s),v(t)) = |t — s| since we are just
moving along the R-direction, hence 7 is a line. Certainly this splits.

In this writing milestone, we will showcase the original proof of Cheeger and Gromoll’s
splitting theorem from [CGT71], which proceeds in three main stages: we will construct a
(harmonic) Busemann function, then we will show that its gradient is parallel via the Bochner
formula, and then we will use de Rham decomposition to obtain a global product structure.

In Section 2, we will build the analytic core of the result by proving some results about
Jacobi fields and the index form, from which we will derive the Laplacian comparison theorem
given a bound on Ricci curvature. We will then apply these results to the Busemann function
associated to a line on the manifold in Section 3, and in doing so, we will use an elliptic
regularity argument. In Section 4, we will derive Bochner’s formula, which will give that
gradient of the Busemann function (restricted to a ray of the line) is a parallel vector field.
Section 5 is dedicated to the local de Rham decomposition and its extension to a global
result, which we will apply to the parallel vector field found in Section 4 — in order to do so,
we introduce the theory of (tangent) distributions and their foliations. This will allow us to
complete the proof of the Cheeger-Gromoll theorem in Section 6, and we present consequences
of this result in Section 7.

Throughout this document, we write [J to denote the end of a proof, and ¢ the end of a
sub-proof in the case of some of the larger theorems that we tackle that contain nontrivial
subclaims that don’t quite meet the criteria to be separate lemmas. We also denote the
space of vector fields on M as X (M), vector fields along a curve v as X'(), and normal
vector fields as X1 (M); all vector fields are smooth. W*? are Sobolev spaces, and W*? = H*.

I am very grateful to Dr. Gabriel Paternain for his guidance and mentorship throughout
this project, and to Dr. Gunther Uhlmann for reviewing this manuscript.



2. JAcoBI FIELDS AND COMPARISON GEOMETRY

In this section, we will recall some of the theory of Jacobi fields and use it to derive
a Laplacian comparison estimate for the distance function given a lower bound on Ricci
curvature. Jacobi fields encode how geodesics spread, which allows us to convert bounds
on curvature into control on volume distortion and the second derivatives of distance. This
Laplacian estimate will prove useful in the proof of Cheeger-Gromoll, in which we apply it to
a modified distance function, a Busemann function.

2.1. Variations and Jacobi Fields. The underlying constructions behind Jacobi fields
are variations of curves. These are extremely useful tools, and will be used throughout this
exposition.

Definition 2.1. Let v : [a,b] — M be a curve. A wvariation of vy is an admissible family
of curves I" : I X [a,b] — M such that I is an open interval containing 0 and I'y = . The
variation is called proper if I's(a) = v(a) and I';(b) = ~(b) for all s. If each of the main curves
[s(t) are geodesics, then we say that I' is a variation of v through geodesics. We may omit
the words “of 4”7 when there is no ambiguity.

A variation of a curve I'(s, t) can be thought of as a two-parameter family of curves, where
the first parameter s encodes how = is perturbed, and ¢ acts as the time variable. Note that
we refer to I's(t) = I'(s,t) as the main curves of the variation, and I';(s) = I'(s,t) as the
transverse curves of the variation. In most settings that we care about, the variation will
be through geodesics. In this case, we can use the following example as a mental picture of
what a variation might look like.

Example 2.2. One of the simplest variations through geodesics that we can construct uses
the exponential function. Let p € M and suppose v € T, M is such that (t) := exp,(tv) is a
geodesic. We can modify this to form a variation; let I'(s, ) := exp,(t(v + sw)). Notice that
at s =0, y(t) = T'(0,1) = exp,(tv).

For each fixed s, the main curve I'y(¢) is a geodesic by definition of the exponential function,
with initial point I'(s,0) = p and initial velocity 9;,I'(s,0) = v+ sw. Therefore, I is a variation
through geodesics.

Notice that s perturbs the initial velocity of the geodesic, and t acts as the time flow along
the geodesic, as illustrated in Figure 2.

Jacobi fields encode the infinitesimal behavior of variations through geodesics, and therefore
measure how nearby geodesics diverge. This is a notion intimately related to curvature, as
given by the following definition and proposition: Jacobi fields are exactly the variational
vector fields O;I" of variations through geodesics.

Definition 2.3. The Jacobi equation along a geodesic v is D?J + R(J,~')y = 0, where J is
the variation field of a variation through geodesics. If a smooth vector field along a geodesic
satisfies this equation, we say it is a Jacobi field.

Proposition 2.4. Let v : R — M be a geodesic and V : R — T'M a vector field along
~. Then V satisfies the Jacobi equation if and only if there exists a variation by geodesics



FIGURE 2. A variation I'(s,t) through the geodesic 7(t) for some fixed s. The
solid lines are main curves I'4(¢), the dashed line is a transverse curve I';(s),
and the red vector represents the valuation of the Jacobi field J at time t,.

[':(—¢,e) x R — M where V(t) = 0,I's(t)|s=o (that is, V(¢) is the velocity of the transverse
curve at s = 0).

Proof. ( <= ) First write D?V = D?(9,I'y). Since the Levi-Civita connection is torsion-
free, D?(0,I's) = DyD4(9,T's). Via [Leel8] Proposition 7.5, this is equal to DyD;(0;'s) +
R(0,I",0,")0,I". But, since this is a variation through geodesics, and so I’y is a geodesic; hence
Dy(9,T's) = 0 by the geodesic equation. Restricting to s = 0, we have that the curvature term
becomes R(v', V)7, hence D2V = R(y/, V).

( = ) Suppose that V satisfies the Jacobi equation. Notice that the Jacobi equation is
a linear second order ODE, and so there exists a unique solution given initial conditions
J(0) and D;J(0). We want to construct a variation by geodesics, and compare the initial
conditions of its variation field with V.

Take v : (—e,e) — M to be a curve with «/(0) = V(0), and let Z : (—¢,e) — TM be
a vector field along o with Z(0) = +/(0) and D,Z(0) = D;V(0). Then define I'(s,t) =
eXPy(s)(tZ(s)), and denote J(t) = O;I's(t)|s=0. Since V satisfies the Jacobi equation, and
since I' is a variation through geodesics, J(t) must also be a Jacobi field via the backward
implication we already showed; we then must show that V and J have the same initial
conditions.

Indeed, notice

J(0) = 9,I'(0,0) = Os]s=0 €xPys)(0) = a'(0) = V(0).
Also, since the Levi-Civita connection is torsion-free,
DtJ(O) = Dsatf((), 0) = Dsat eXpa(s)(tZ(S)>’S:t:0 = DSZ(O) = DtV(O)
Hence the initial conditions align, and we are done. 0
This identification is well defined, as Jacobi fields are uniquely determined by their initial

conditions. As a result, we will later be able to construct explicit variations through geodesics,
and use them to induce information on curvature due to the Jacobi equation.
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Proposition 2.5. Suppose I C R is an interval, and v : I — M is a geodesic, and we have
a € I with p = ~y(a). Then for every pair of vectors v, w € T,M, there exists a unique Jacobi
field J along v such that J(a) = v and D;J(a) = w.

Proof. Take a parallel orthonormal frame {F;} along v, and write v = v'E;(a) and w =
w'E;(a), and also v/(t) = y*(t)E;(t). We can also write an arbitrary vector field J € X(v) in
coordinates as J(t) = J'(t)E;(t), and so the Jacobi equation becomes

JHE) + Ry (v(0)F ()" (1)y' (¢) = 0,

which is a system of n second order linear ODEs for the n functions J¢ : I — R. We substitute
Wt = J' to make it a first order linear system of 2n functions:

{J’f = Wi(t)

W) = =Ry (v(1) J (£)y* (£)' (2)-

Then there exists a unique smooth solution on I with initial conditions J¢(a) = v* and
Wi(a) = w'. Since D;J(a) = J'(a)E;(a) = W¥(a)E;(a) = w, the desired Jacobi field is
J(t) = J(t)E(t). O

2.2. Second Variation and the Index Form. We want to be able to find a geodesic ~
such that among all curves connecting two points, v has minimal length. To do such a thing,
we can appeal to the index form I(V, V'), which is defined on the space of normal vector fields
along a geodesic.

Definition 2.6 (Index form). Let 7 : [a,b] — M be a geodesic segment. Then the symmetric
bilinear form 7 : X+(vy) x X*(y) — R defined by

VW) = / (DYDY — Run(V.r A W) dt

is called the index form.

The index form is a quadratic form that can be used to show that a geodesic v defined on
[0, r] is length minimizing by measuring how the length of a geodesic changes under nearby
variations. This follows from the following proposition, showing the connection between
length minimization and curvature.

Proposition 2.7. Let v be a unit speed geodesic segment on [0, 7], and let T be a proper
variation of 7. Then I(V, V') = j—;|S:0L9(FS) for Ve X(v).

Proof. By definition of the second variation,
d2
ds?| _,

and for normal vector fields V,W € X1 (v), we have

L,(Ty) :/0 (IDV*? = Rm(V*, o+, V1)) dt,

1) = [ (DY, D) = RV, W) .

Surely then for V' = W (taken to be normal), the two expressions are equal. O
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The reason we care only about normal vector fields is because the geometry behind the
spreading or convergence of geodesics comes only from the directions normal to the geodesic,
and the Hessian of r is only nonzero on vectors orthogonal to Vr, which we will see later. That
is to say, the comparison theorem that we build up to in this chapter is inherently a statement
on the directions transverse to Vr, which by the first variation formula coincides with +/,
which we show in Lemma 2.17. Further, a vector field with a tangential component would
decompose as V = V+ + (V,+/)9/, and the tangential terms would create extra information
that is unnecessary, complicating the typical assumption that ~ is a unit speed geodesic.

We now give various properties of the index form as it relates to Jacobi fields and proper
vector fields. Throughout, take v to be a geodesic.

Proposition 2.8. The index form is bilinear and symmetric.

Proof. For symmetry, fix some geodesic v and take V, W € X*(v). We have the following
identity due to the symmetries of the curvature tensor:

Rm<‘/’ 7/7 7,7 W) = Rm<7/7 V) 7,7 W) = Rm(Vl» V7 VV? 7/) = Rm(W ’)/7 /y/a V)
By this identity and the symmetry of inner products,

1) = [ (D, D) = Ran(Voo! /)

— / ((D,W, D,V) — Rm(W,+/,~/,V)) dt
— I[(W, V).

For bilinearity, we check that I(aV) + bVo, W) = al(Vy, W) + bl (Va, W). This follows from
the linearity of the covariant derivative along a curve, as well as the C*°-multilinearity of the
Riemann curvature tensor:

I(aVy + bV, W) = /OT(Dt(avl +0Vy), DWW + Rm(aVy + bVa, ', ~', W) dt
= /(f(aDt(Vl) +0Dy(Va), DW) + aRm(V1, 7,7/, W) + bRm(Va, /', ', W) di
= /Ora(DtVb DW) 4+ b(D;Va, DJW) + aRm(V1,~', 7, W) + bRm(Va,~', v/, W) dt
= /Ora(DtVl, DW) 4+ aRm(Vy, ', ~', W) dt

+ / b(DiVa, D) + bRm(Va, 7/, 7/, W) di
0
— al(Vi, W) + bI(Va, W).

Showing linearity in the second slot follows identically as the first. O

We can consider the index form I as a quadratic functional defined on X*(v), mapping
V — I(V,V). We say that V € X1(v) is a critical point of I(V,V) if its first variation
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vanishes in every admissible direction W € X*(v), that is £|._oI(V 4+ eW,V +eW) = 0.
The following proposition gives an alternate condition.

Proposition 2.9. V € X*(v) is a critical point of I(V, V) if and only if I(V, W) = 0 for all
admissible W € X+ (v) with the same endpoints.

Proof. ( =) Suppose that V is a critical point of I. Then d%|g=oI(V +eW,V4+eW)=0
for all admissible W. We can expand the left hand side as
VAW, VW) =LV, V) +eI(W, V) +eIl(V,W) + 2I(W, W)
=I(V,V)+e(I(W,V)+ I(V,W)) + (W, W)
=I(V,V) +2I(V,W) + 2I(W, W),

where the last equality comes from Proposition 2.8. Differentiating with respect to € gives
d
d—E](V + W,V +eW) =20(V,W) 4+ 2e1(W, W),

and evaluation at zero gives £|._oI(V 4+ eW,V +eW) = 2I(V,W), and by assumption this

is equal to 0 when V' is a critical point. Certainly then if 21(V, W) = 0, then I(V, W) = 0.
( <= ) Next, fix W and suppose that I(V,W) = 0. Since &£|._oI(V + W,V + W) =

21(V, W), this assumption gives that the derivative is zero, hence V' is a critical point. [

The following lemma gives an alternate expression for the index form, which comes in
handy in some of the following propositions. By writing I(V, W) with a D?V term, it will
be much easier to substitute curvature terms in accordance to the Jacobi equation into the
index form.

Lemma 2.10. Let v : [a,b] — M be a geodesic segment. Then for every pair of smooth
vector fields V and W along v,

b b
I(V.W) = (DV.W)| — / (D2V + R(V,~')o/, W) dt.

Proof. By the product rule, 4(D,V,W) = (D}V,W) + (D,V, D,;W). After rearranging, the

fundamental theorem of calculus gives
b

b b
/ (DY, DWW dt = (DV, W) — / (D2V, W) dt.

a

O

Proposition 2.11. I(J,W) = 0 for all admissible, normal, proper W € X*(v) if and only if
J is a Jacobi field.

Proof. ( <= ) Suppose J is Jacobi. Then integrating the first term in the index form by
parts as in Lemma 2.10, we see

/ <DtJ, DtW> dt - <Dt<], W>
0

— / (D?J, W) dt.
0 0
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Since W is proper, the first term vanishes since W (0) = W (r) = 0. By linearity and by the
Jacobi equation,

I(JW) = —/0 (D?J, W) dt—/o Rm(J,~',~', W) dt
0 0
— [(Dr 4 RO W)
0

=— / (0, W) dt
0
=0.
( =) Conversely, suppose that I(J, W) = 0 for arbitrary W. Then

IMWQ:—/<WJ+MLMWJWﬁ:Q
0

But if this integral is 0, this means that the inner product must be 0, but since W is arbitrary,
we must have D2J + R(J,7')y = 0, hence J is Jacobi. O

Proposition 2.12. Take p,q € M, and v to be a unit speed geodesic segment on [p, q] that
has an interior conjugate point. Then there exists a proper V € X*(v) such that I(V,V) < 0.

Proof. Suppose v : [a,c] — M is a unit speed geodesic segment, and v(b) is conjugate to y(a)
along v for some b € (a, c). Therefore there exists a nontrivial normal Jacobi field J along
that vanishes at t = @ and t = b. If we define a vector field V along v as

Vi) = J(t) té€la,b],
0 telb,cl,

then this is a proper, normal, piecewise smooth vector field along . Notice that since this is
just piecewise smooth, the derivative D,V has a discontinuity at ¢ = b. In particular, define
the “jump” of D,V at t = b to be

5DV = DV (b*) — D,V(b™) = 0 — D,J(b) = —DyJ (b).

This must be nonzero, because otherwise J would be a Jacobi field satisfying J(b) = D;J(b) =
0, and thus would be identically 0.

Now suppose W is a smooth proper normal vector field along « such that W (b) is equal
to 0D,V at t = b. We can construct such a W by taking a smooth orthonormal frame
(Er(t),..., En_a(t),7'(t)) along v by parallel transporting the basis of T’ M along v, and
writing the vector

n—1

—DyJ(b) =Y (=D, J(b), Ei(b)) - Ei(b).

=1
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To smooth this out, consider the smooth bump function ¢ : [a, ¢] — [0, 1] defined by ¢(a) = 0,
©(b) =1, and ¢(c) = 0, and then we can define
n—1
W(t) = @(t) Y _(=DiJ(b), Ei(b)) - Ei(t).
i=1

For a small € > 0, let X, =V +eW. Then
(X, X)) =I(VA+eW,V+eW) =I(V,V)+2I(V,W) + 21(W,W).

Since V' satisfies the Jacobi equation on both [a, b] and [b, ¢|, and since V' (b) = 0, Lemma 2.10
gives that I(V,V) = —(6D,V,V (b)) = 0 and I(V,W) = —(6D;V,W (b)) = —|W(b)|?. There-
fore

I(X., X.) = —2e|WO) >+ 2I(W, W) = e(—=2[W(b)|> + cI(W, W)).

Taking € small enough gives that this is strictly negative as desired. U

We have established that a Jacobi field J is both a critical point of the index form, and also
that the index form of a proper Jacobi field is 0. If we consider the additional requirement that
our geodesic contains no conjugate points (which is a logical constraint to make, considering
in the context of this document: the geodesic of study is a line), then this means that the
index form is in fact minimized when its input is a Jacobi field, due to the following.

Theorem 2.13. Let v : [0,7] — M be a unit speed geodesic segment without conjugate
points, and let V' be any normal smooth vector field along v with endpoints V' (0) = 0 and
V(r)=v € ~/(r)t. If J is the unique (Proposition 2.5) normal Jacobi field along  with the
same endpoints as V, then I(J, J) < I(V,V) for all V € X*(v), where equality holds if and
only if V' is Jacobi.

Proof. We are claiming that for every proper V € X*(v), where v contains no conjugate
points, I(V, V') > I(J, J) for J a proper Jacobi field, with equality if and only if V' = J. Fix
V, and set W =V — J. Since V and J have the same endpoints, W (0) = V(0) — J(0) =0
and W(r) = V(r) — J(r) = 0, hence W is proper. By Proposition 2.8,
IVV)=1I(J+W,J+W)=1I1(J,J)+2I(J W)+ (W, W).
To show the claim, we want to show that I(J, W) =0 and I(W,W) > 0 for proper W.
To show I(J, W) = 0, we differentiate as follows:
d

£<DtJ, W) = (D2J, W) + (D;J, DJWV).

Integrating the second term,

/ (D], DV dt = (Dy], W)
0

—/ (D} J, W) dt.
0 0

The first term is 0 since W is proper, and therefore

I W) = / (Do, DIV — R(J. A\~ W) dt
0
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— /T(DtJ, DW) dt — /T<R(J, ), W) dt
:_/OT(D,?J,W>—/OT<R(J,7’)7’,W>dt

— [(Dtg = RO W)
0

Since J is Jacobi, the inner product is 0. Therefore I(V, V) = I(J,J) + I(W,W).
By Proposition 2.12, I(W, W) < 0 if there exists a conjugate point along the geodesic.

But v has no conjugate points and so I(W,W) > 0 by contraposition. Hence I(V,V) =
I(J,J) + I(W, W) > I(J, J). 0

2.3. Laplacian Comparison for Nonnegative Ricci Curvature. As we have seen, the
index form provides a way to connect information about vector fields (more specifically, Jacobi
fields) to the Riemann curvature tensor. To get towards the heart of the Cheeger-Gromoll
theorem, we want to relate the index form to Ricci curvature. In this section, we will make
this connection, and also see how the index form of Jacobi fields relates to the Laplacian of the
distance function. Namely, the remainder of Section 2 is dedicated to proving Theorem 2.18.

Definition 2.14. For each ¢ € R, let us define a function s, : R — R by
t if c=0,
sc(t) = { Rsin(t/R) ifc=1/R*>0,
Rsinh(t/R) ifc=—-1/R*<0.
We interpret ¢ as being the constant sectional curvature of some space. For the purposes of
the comparison theorem that we need to show the Cheeger-Gromoll splitting theorem, we

want to compare against Euclidean space, which has constant curvature ¢ = 0. This function
then allows for Jacobi fields to be written as follows.

Proposition 2.15. If M has constant sectional curvature ¢, and y is a unit speed geodesic,
then the normal Jacobi fields along 7 that vanish at ¢t = 0 are of the form J(t) = ks.(t) E(t),
where F is a parallel unit normal vector field along v and k is an arbitrary constant.

Corollary 2.16. In a manifold of constant sectional curvature ¢, the Jacobi equation is
(kse)" + c(ks.) = 0.

Proof. By the above proposition, we have that J(t) = ks.(t)E(t). Since E is a parallel unit
normal vector field, D?J(t) = (ks.(t))"E(t). Also by Proposition 8.36 in [Leel8],

R(ks.E, v )Y = c({(,7 ) ks E — (kscE, ")) = cks.E.
Therefore the Jacobi equation becomes (ks.)” + c¢(ks.) = 0. O

The following lemma is the remaining piece needed to prove the desired Laplacian compar-
ison theorem, which immediately follows.
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Lemma 2.17. Let r(z) = d(p, z) be the radial distance function in a normal neighborhood
of the point p, and let v : [0,7] — M be the unique unit speed minimizing geodesic from p to
x with v(0) = p and v(r) = . Then Vr(z) = +/'(r).

Proof. By definition of the gradient, we want to show that dr,(v) = (7/(r),v) for all v € T,M.
Fix v € T, M, and let 0 : (—¢,e) — M be a smooth curve with ¢(0) = z and ¢’(0) = v. Then
we can define f(s) =r(o(s)) = d(p,o(s)), so that by construction, dr,(v) = f'(0).

Consider now the variation through geodesics I'(s,t) = v,(¢) with 0 <t < f(s), where each
7s is a unit speed geodesic. Let T'= 0,I" and S = J,I'; then |T| = 1 and I'(s, f(s)) = o(s).
The first variation formula for length gives

L] = (50,7, T(0.1)) - (S(0,0), T(0,0)) + | wirs)ar

ds 50 0

Since L(vs) = f(s), the left hand side is f'(0). Since the ~, are geodesics, VT = 0, so the
integral term is 0. Since the base point is fixed, I'(s,0) = p for all s, and so S(0,0) = 0,
so the second term is 0. At the endpoint, I'(s, f(s)) = o(s), and so differentiating at s =0
gives S(0,7) = ¢’(0) = v. Since vy =, we also have that T'(0,r) = +/(r). Therefore the first
variation formula reduces to f'(0) = (v,+'(r)). But f'(0) = dr.(v), so we are done. O

Theorem 2.18 (Laplacian Comparison). Suppose Ric(v,v) > (n — 1)c for some ¢ € R
for all unit vectors v, and suppose M contains a line. Given any p € M, take U to be a
normal neighborhood of p, and let r be the radial distance function from p on U. Then

Ar < (n—1)s.(r)/s.(r) holds on U \ {p}.

Proof. Let « be a line. Then it is globally minimizing, and so it has no conjugate points on
[0,7] for any r. Therefore I(W, W) > 0 for any proper W € X*(vy) by Theorem 2.13. We
can pick an orthonormal frame {F;(0), ..., E, 1(0)} C 4(0)*, and extend this via parallel
transport to get a frame {E;(t)} for each ¢. Necessarily, D,F; = 0 since the E; are parallel,
and E;(t) L 4. With this, define the vector fields W;(t) = ¢(t)E;(t), where ¢ is a scalar
function such that ¢(0) = 0 and ¢(r) = 1. The W; are normal by construction, and are such
that W;(0) = 0 and W;(r) = E;(r).

Since the E; are parallel, D,W; = /(t)E;(t), and by orthonormality, |D,W;|* = (¢’)%. By
linearity of the curvature endomorphism, (R(W;, ')y, W;) = ¢*(R(E;,~')y, E;). Therefore
we can write the index form as

IMHWzA%WYWﬂM&w%&»%

and summing over i, we see the appearance of Ricci curvature:

n—1

ZI(WuWi):/OT (Z Zs@ E;,y %E>> di

=Alm—mm%wwm%w»w

Since each I(W;, W;) is nonnegative by Proposition 2.12 and Theorem 2.13, this expression
is nonnegative. For a stronger bound that will eventually yield the Laplacian, we can bound
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the I(W;, W;) below by the index form of the unique Jacobi field J; with the same endpoints
as W; by Theorem 2.13, and if we introduce the bound Ric > (n — 1)¢ (where in our context
we take ¢ = 0 to get the hypothesis Ric > 0), we get

n—1 -1 r
< I < Z W) < =) [ (0 = o) a.
i=1 i=1

To evaluate this integral in a meaningful way, we want to assign a value to ¢. To do so,
consider the function s. as in Definition 2.14. Pick ¢(t) = s.(t)/sc(r) (that is, ¢(t) = ks.(t)
with & = 1/s.(r)), or in the (Euclidean) case that we will care about, we can specify to
o(t) = t/r. Therefore p(0) = 0 and (r) = 1, satisfying the properties we used to define the
W;. Now, fix a vector v € %(r)*, and take J to be the unique Jacobi field with J(0) = 0
and J(r) = v. Among all vector fields W with W (0) = 0 and W(r) = v, the Jacobi field
minimizes the index form as shown in Theorem 2.13 for the case that we have no conjugate
points since we are taking v to be a line.

By Corollary 2.16, ¢” 4+ cp = 0, hence ¢" = —cp. Then
Z(W )= (@) + 00" = ()" = cp™.

Integrating, we have
J U7 = eyt = oy = e)e () = 00 0) = 1) = 5,
since p(0) = 0 and ¢(r) = 1 by definition. So, Y277 I(J;, J;) < (n — 1)s.(r)/se(r).

It remains to show that Ar = S "' I(J;, J;). Since v is a line, Jacobi fields are not
proper on any segment 7|j,). In particular, we have the boundary conditions J;(0) = 0 and
Ji(r) = E;(r) on the segment (g,

We want to build a variation whose variation field is J;. Away from the cut locus of
7(0), the exponential map is a diffeomorphism in a neighborhood of the vector r/(0). In
particular, we can choose initial velocities v(0) = +/(0) and v(s) € T,M with |v(s)| = 1 such
that x(s) := exp,(rv(s)) has initial conditions z(0) = v(r) and 2'(0) = Ej(r). Then we can
define the variation I (s, t) := exp, (tv(s)) for t € [0,r]. T" is such that I',(¢) is a unit speed
geodesic from (0) to z(s), Ty (t) = v(t), and the variation field is J;(t) := 9,1 (t)|s=o; this J;
is a Jacobi field by Proposition 2.4, and it has endpoints J;(0) = 0 and J;(r) = 2/(0) = E;(r).

Along 7|, we have Vr(y(r)) = +/(r) by Lemma 2.17. By definition of the Hessian,
Hess f(V, V) = (Vy(V[),V). Applying this to the radial distance function along the vector
field E;(r),

Hessr(E;(r), Ei(r)) = (Vi) (Vr), Ei(r)) = (Vie,m7, Ei(r)).
Define the vector fields T = 9I'* /0t and S* = OI'!/0s. Evaluating at (s,t) = (0,7) gives
T0,7) = ~/(r) and S%(0,7r) = J;(r) = E;(r), and also V1:S's—g = D;J;(r) by definition.

Since the Levi-Civita connection is torsion-free, Vo ,0; = Vj,0,, hence Vi )T “0,r) =
Vri0,5'(0,7), equivalently V vy (1) = DyJi(r). Thus V g,y (r) = Dy Ji(r) since J;(r) =
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E;(r). Therefore,
Hess7(E;(r), Ei(r)) = (Ve,mY, Ei(r)) = (DiJi(r), Ei(r)).

This gives the desired result. Indeed, recall that 4(X,Y) = (D:X,Y) + (X, D;Y). Hence

L(DyJ;, Ji) = |DyJi|* + (D} J;, J;). Since J; is Jacobi, DEJ; = —R(J;,7')7, and so
1) = [ DU = (RO I
0
= / |DyJi|* + (D? J;, J;) dt
0

"d
0

dt
= (DyJi(r), Ji(r)) = (DiJi(0), Ji(0))
= (DyJi(r), Ji(r))
= (D Ji(r), Eq(r)).
Finally, we see Hessr(E;(r), E;(r)) = I(J;, J;). Taking a sum, we achieve the comparison:
Ar = iHessr(Ei(r), Ey(r)) = i 1(Ji, J) < (n— 1)252

3. BUSEMANN FUNCTIONS AND ELLIPTIC REGULARITY

3.1. Rays and Lines. Suppose M is a complete Riemannian manifold. Recall that complete
in this sense has dual meanings, as given by the Hopf-Rinow Theorem: M is geodesically
complete (i.e., every maximal geodesic is defined on all of R), and M is complete as a metric
space under the Riemannian distance function, and these two “completenesses” coincide.

Definition 3.1. A ray (resp. line) in M is a geodesic v : [0,00) — M (resp. v: R — M)
such that each segment of v is minimal.

The condition regarding minimality feels clear, however the following example will demon-
strate how this is in fact a rather restrictive condition, and is closely tied to the idea of
conjugate points and cut loci.

Example 3.2. Consider the infinite cylinder S' x R, which has geodesics defined along the
R-direction, as well as geodesics that wrap around S* (viewed projectively) and are helix
shaped, with “tightness” of the coil determined by the amount of the R component in the
initial velocity vector. Recall that geodesics are locally length minimizing; lines, however,
are geodesics that are globally minimizing. Hence the only lines in the cylinder are those
that have no S' component, that is, they can be expressed as yy(z) = tz as t varies in R.
To see how this fails for other (helicoid) geodesics, consider a helix passing through points
p=(0,2z1) and ¢ = (0, z3). Certainly this helix is not length minimizing, since we can take
the vertical line along the angle 6.
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Another picture to have in mind is Figure 1 and Example 1.2 from the introduction. Notice
too the important fact about how rays and lines have a strong impact on the global topology
of the manifold.

Proposition 3.3. A ray exists on a complete manifold M if and only if M is not compact.

Proof. ( = ) Suppose that v : [0,00) — M is a ray, and for the sake of contradiction,
suppose M is compact. Then ([0,00)) C M is an infinite subset of a compact space, and so
there exist {f,,} tending to co as n — oo such that {y(¢,)} contains a subsequence {7(t,,)}
converging to some p € M as k — oco. In particular, d(v(t,,),v(tn,)) — 0 as k, ¢ — oc.

However, since v is a ray, we have that d(y(t,,),v(tn,)) = |tn, — tn,|- Since the sequence
{t,, } is unbounded, we can choose k, ¢ such that |t,, —t,,| > ¢, giving a contradiction. Hence
M must be noncompact.

(<= ) Fix p € M. Since M is not compact, there does not exist a closed ball that contains
M; that is, for each k € N, there exists a point ¢ € M such that d(p, ¢x) > k. Also since M
is complete, the closed and bounded sets are compact, and so for each k, By (p) is compact.

Consider the function f(z) = d(p,x) on By(p). Since the ball is compact, f attains its
maximum at some z € By(p), hence d(p, z;) = k. By Hopf-Rinow, there exists a minimizing
unit speed geodesic 7y : [0, k] — M from p to xy, that is, v,(0) = p and vx(k) = xx, and for
all s <t between 0 and k, we have d(7vx(s),1%(t)) =t — s.

Define the initial unit tangent vectors {vy} = {7,.(0)} C S, M. Since S,M is compact, there
exists a subsequence {vy,} C S,M and a unit vector v such that vy, — v € S,M C T,M.
If we define v : [0,00) — M to be the geodesic y(t) = exp,(tv) (which is defined for all
t > 0 by completeness), then this is the ray that we are looking for. Indeed, if we fix s < t,
then for all £ > t, we have that v, is minimizing on [s,t]. Therefore d(vx(s), v (t)) =t — s.
Since [0, ] is compact, v, — « uniformly, and so vx(s) — v(s) and v, (t) — v(¢). Therefore
d((s),7(t)) = limg oo d(k(s),7k(t)) =t — s as desired. O

3.2. Busemann Functions. Given a ray 7 : [0,00) — M, we would like a way to measure
how far a point x € M is from “infinity” along . The object that will allow us to do this is
the Busemann function, the main geometric object of interest in the proof of Cheeger-Gromoll.
When ~ is a line, we will find that the Busemann function is harmonic, inducing rigidity
on the geometry of its gradient. In this subsection, we prove basic properties of Busemann
functions.

Lemma 3.4. The function f(z) = d(z,p) is 1-Lipschitz, hence continuous.

Proof. Take arbitrary z,y € M and fix p € M. The triangle inequality gives d(x,p) <
d(x,y) + d(y,p), hence d(x,p) — d(y,p) < d(z,y). If we swap = and y, we also have that
d(y,p) — d(z,p) < d(y,x) = d(z,y), and therefore |d(z,p) — d(y,p)| < d(z,y). If we let
f(z) = d(z,p), then we see that f is 1-Lipschitz, hence continuous: |d(z,~(t)) — d(y,~v(t))| =
(@) — F@)l < v — yl. a

Definition 3.5. For each ray « : [0,00) — M, define the function g;(z) = d(x,v(t)) —t for
t>0.
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Proposition 3.6. The function g;(x) is decreasing and bounded below with respect to t.

Proof. Suppose that t < s, and let v be the ray associated with ¢g;. Then the triangle
inequality gives that

d(w,7(s)) < d(w,7(1)) + d(7(t),7(s)) = d(z,7(t)) + (s — 1),

since v is minimizing and unit speed. Rearranging, we have

gs(x) = d(z,7(s)) — s < d(z,7(t)) =t = gi(2).
Therefore for fixed x, the function g;(x) is decreasing with respect to ¢.

Next, we claim g; is bounded below by —d(z,~(0)) with respect to t. Fix z € M, and note
that the triangle inequality gives that d(v(0),~v(t)) — d(z,v(0)) < d(z,~(t)) after rearrange-
ment. Since v is a unit speed ray, the segment 7|, is minimizing, hence d((0),y(t)) = t.
Plugging in to the earlier inequality and rearranging gives that d(x,v(t)) —t > —d(x,~(0));
the left hand side is precisely g,(z). O

Proposition 3.7. The family {g¢;} is uniformly equicontinuous.

Proof. 1f we set p = ~(t) and apply Lemma 3.4, we get that g; is 1-Lipschitz, hence continuous.
Fixing ¢ > 0, take § = ¢. Then for all ¢ > 0 and points z, y such that d(z,y) < J, we have that
by the Lipschitz condition |g:(x) — g:(y)| < 0 = . Hence {g;} is uniformly equicontinuous. [

Definition 3.8. We define the Busemann function of v to be g, = lim;_, g;.
Proposition 3.9. The functions g, converge uniformly on compact sets to g, as ¢t — oo.

Proof. Let K C M be compact, and consider the restrictions g; : K — R. Since {¢;}
is uniformly equicontinuous by Proposition 3.7, it is both equicontinuous and uniformly
bounded. An application of Arzela-Ascoli gives that for any sequence t, — oo, there exists a
subsequence ¢,, and a continuous function h : K’ — R such that g;, — h uniformly on K.
Recall that g; is bounded below via Proposition 3.6; we can make this uniform by taking a
supremum:
C:=- sup d(x>7(0)) < _d(x77<0) < gt<x>'

zeK o

Therefore for each z, the limit ¢, (z) = lim;_,o g:(z) = infy>0 g:(x) is finite, thus exists, by the
monotone convergence theorem for sequences. If we take the subsequence g, ~that converges
uniformly to h on K, we have that for each z € K, h(z) = limj— g1, () since uniform
convergence implies pointwise convergence. But {g;(x)} is monotonically decreasing with
respect to t (see Proposition 3.6) and has limit g, (z), and so every sequence ¢, — oo satisfies
9y(z) = limg o0 gt,,, (). Therefore h = g, pointwise on K.

Finally, we want to show that the family {g;} converges uniformly on K. However this is
immediate via Dini’s theorem, which states that if K is a compact set and ¢, g, € C(K) are
such that g; — g, monotonically, then g, — g, uniformly. 0

Proposition 3.10. Busemann functions are 1-Lipschitz.
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Proof. We have already shown that g; is 1-Lipschitz via a simple modification of Lemma 3.4.
Now for any z,y € M, we have

19:(2) = 9,()| = [1im gu() — Jim gu(w)| = |Jim (an(2) — ()]

Since |lim o] < limsup |a],
l94(z) = g4(y)] < lirtn sup |g¢(z) — g:(y)| < Hrtn supd(z,y) = d(z,y).
—00 —00

Therefore the Busemann function g, is 1-Lipschitz. 0

Example 3.11. Consider the hyperbolic plane H and consider the ray ~(t) = (0, ¢') starting

at the point (z,y) = (0,1) and going straight up; since this is parameterized by arc length as

in Example 1.1, d((0,1),(0,¢")) = ¢ in the hyperbolic metric. Recall then that in this case,

gy (z,y) = limy, o (d((z,y), (x,€")) — t). To compute the distance between (x,y) and (z,e’),
/Yy

note that ds = dy/y (since y > 0), we have (after setting x = 0 without loss of generality)

d(0.9).0.¢9) = [ e %

Therefore, g, (z,y) = lim; o (t —In(y)) —t = —Iny.

=1In(e') —In(y) =t — In(y).

Lemma 3.12. Fix p € M, let 0 : [0,¢] — M be a minimizing geodesic from some = to p
with initial velocity w = ¢’(0), and fix v € T, M. Then

lim sup NEPe(5).p) — dlzp) _

s\0 S
Proof. Let o : (—e,e) — M defined by «a(s) = exp,(su) be a variational curve where u € T, M,
and take a smooth vector field J along ¢ such that J(0) = u and J(¢) = 0. Using J, we can
define the variation I'(s,t) = exp,(sJ(t)). Then I'(0,t) = o(t), I'(s,0) = exp,(su) = a(s),
and I'(s,£) = exp,(0) = p. So for each fixed s, the curve I'y(t) connects a(s) to p, hence
d(a(s),p) < Ly(Ty). Since L, (') = Ly(0) = d(x, p), we have

d(a(s),p) —d(z,p) _ Ly(I's) = Ly(To)

S - S

—(u, w).

Taking lim sup gives

lim sup (a(s),p) = d(x,p) < i Ly(Ts)
sN\O ds s=0
_ <g—£(o,£),a’(£)> - <g—£(0,0>,a’(0)>
= —(u, w),

where the first equality comes from the first variation formula, and the second equality is
because J(¢) = 0 and J(0) = u. O

Proposition 3.13. If g, is a Busemann function, then |Vg,| = 1 almost everywhere.

Proof. By Proposition 3.10, g, is 1-Lipschitz. Rademacher’s theorem states that a Lipschitz
function is differentiable almost everywhere, and the differential is bounded by the Lipschitz
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constant. In particular, we have that ||d(g,).|| < 1, where || - || is the operator norm. By
definition of the gradient, dg,(v) = (Vg,,v), hence
()|l = sup |d(g,)2(v)| = sup [(Vg,(2), v)| = [Vg,(z)|.

lv|=1

Therefore |Vg,| <1 a.e.

For the other inequality, fix a point x € M at which g, is differentiable. For each ¢t > 0,
take a minimizing unit-speed geodesic oy : [0,¢;] — M from z to v(t) such that ¢;(0) = z,
() = v(t), and ¢, = d(x,7v(t)). Let v, := 07(0) € T,M; this is a unit vector. Since
SeM C T, M is compact, there exists a subsequence {v;; } of {v;} such that v;, — v € T, M.

For each j, let p; := v(t;) be the target point, let o, : [0,4;,] — M be a minimizing
geodesic from z to pj, let vy, = O'éj (0) be the initial direction, and let u := v. Applying
Lemma 3.12 yields

lim sup d(expx(sv)a V(tj)) — d(x7 ’Y(tj»
s\0 s
Since g;;(y) = d(y,(t;)) — t;, subtracting the constant ¢; does not effect the difference in the

S _<U7Utj>'

quotient, and so
li gt; (expa:(sv)) — 9 (l‘)
im sup
s\0 S

We now want to pass to the limit as j — oo. Fix s > 0; since g;; — g, pointwise (uniformly,

< —<U,’Utj>-

in fact),

9, (€xP,(50)) — 91, (2) | g3(expy(sv)) = g5(2)

Also, since v;;, — v, we have (v,vy,) — (v,v) = 1. Hence

sy 2202250 — 9,(2)
s\0 S
Since g, is differentiable at x, the left hand side is equal to the directional derivative
Dyg(z) = (Vg,(x),v), hence (Vg,(x),v) < —1. Applying Cauchy-Schwarz gives
1 < [(Vgy(2), )| < [Vgy(2)l[v] = Vg, (z)|
as desired. 0

< -1

3.3. Harmonicity and Smoothness of Busemann Functions for Lines. Typically,
Busemann functions are defined just on rays; if we extend the domain of a globally minimizing
geodesic 7y to be all of (—00, ), that is v : R — M is a line, we get the powerful additional
property of harmonicity on the two Busemann functions associated with the forward and
backward rays when we restrict the domain of the line 7.

The strategy that we will follow is to employ the estimate of Theorem 2.18 to Ag;. We
would like to then take a limit in order to study the Laplacian of the Busemann function g,
with the goal of showing that g, is superharmonic (i.e., Ag, < 0) — and after a symmetry
argument, harmonic. However, we do not necessarily have lim;_,., Ag; = Ag,. For example,
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FIGURE 3. The graph of the function f(z) = 2%?. Notice that f’(z) < 0 a.e.,
however f is not superharmonic around 0, since f contains its minimum f(0)
on the interior of any interval [—a,a|, contradicting the maximum (in fact,
minimum) principle.

consider the function f(x) = 2?/3 as depicted in Figure 3: f” < 0 almost everywhere, but f is
not superharmonic, since the second derivative gives an infinite integral in a neighborhood of
0. Instead, we only get that g, is harmonic in a distributional sense, that is, when integrated
against a compactly supported smooth test function.

This subsection is dedicated exclusively to applying the comparison estimate to Ag;, and
then rectifying the issue that a priori we cannot push the limit through the Laplacian. To
do so, we will establish a seminal result for the regularity of solutions to elliptic partial
differential equations in Euclidean space, and then extend this to Riemannian manifolds.
This will allow us to upgrade from weak harmonicity on M to strong harmonicity on M.

Definition 3.14. Let v : R — M be a unit speed line. Define the forward Busemann
function g4 (t) = g,(t) with ¢ € [0, 00) and the backward Busemann function g_(t) = g,(—t)
for ¢t € [0, 00).

Theorem 3.15. The Busemann functions g, and ¢g_ are weakly harmonic when Ric > 0.

Proof. The main piece of machinery we use is the Laplacian comparison of Theorem 2.18.
Suppose that v : R — M is a unit speed line. Then for |y ), we define the radial distance
function ry(x) = d(z,v(t)). If g(z) = ri(z) — t = d(z,v(t)) — t, then certainly Ar; = Ag;.
Theorem 2.18 gives that away from the cut locus of (t) and for each t,

n—1

re(x)

Agi(x) = Ary(x) <

Notice now that if we were to take a limit, we get
n—
lim Ag;(z) < lim =0
t—00 gt( ) T t—oo rt(x)

But, we do not have that lim;_,., Ag; = Ag,, which would allow us to say that g, is strongly
superharmonic (again reference Figure 3); we instead must try for weak superharmonicity.
Recall that for a locally integrable function f, the weak Laplacian of f is defined as
(Af, o) = (f,Ap) = [,, [Apdp for every nonnegative test function ¢ € C°(M). Then for
fixed ¢ > 0 where ¢ € C°(M) with supp ¢ contained in some compact set K, we can take
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the comparison inequality and write it distributionally as

(Age, @) = (91, Ap) < <n_ 1,90>,

T

n—1
/gtAsoﬁ/ @
M MTt(JU)

We want to take a limit over ¢ of this inequality and achieve [ 1 9vAp < 0 for all nonnegative
p € C(M). For the left hand side, notice that

‘ [ ane- gvﬁw‘ / <gt—gv>Aso\sngt—gwmm [ 18l

By Proposition 3.9, g; — ¢, uniformly on K, and so ||g; — ¢,||re(x) — 0. Also the integral

or equivalently

[ 1A¢g| is finite since we are integrating a continuous function (A € C*°(M) since ¢ €
C>(M)) over a compact set, and therefore g, — g, in Lj, (M); that is, lim [, Ay = [ g,A¢.
For the right hand side, fix x € K. The reverse triangle inequality gives

re(x) = d(z,y(t)) = t — d(z,7(0)),

and so 1(z) — oo uniformly on K, hence (n — 1)/r;(z) — 0 uniformly on K. So as t — oo,

/ 9 Ap = (Ag,, ) <0
M

for all nonnegative ¢ € C°(M), that is, g, is weakly superharmonic.

Consider the Busemann functions g, and g_ associated to the forward and backward rays
of the line v as defined in Definition 3.14. By the preceding argument, both g, and g_ are
weakly superharmonic. Also, we have that

9. (7()) = lim (d(3(s),7(8) = &) = I |t — 8| — 1) = s,
since |t — s| =t — s when t > s, and
9-(3(8)) = lim (d((s),/(=1)) = ) = lim (|s +¢ 1) =

Therefore g, + g = 0 along the line v, that is, g. = —g, along 7. Since g_ is weakly
superharmonic, so is —g,. But that means both Ag, <0 and A(—gy) < 0 distributionally,
hence Ag,; = 0 distributionally; that is, g, is weakly harmonic. Similarly, ¢g_ is weakly
harmonic. U

We would like to strengthen this result so that g, and g_ are strongly harmonic on
the manifold M. In order to do so, we want to apply a regularity result of the (elliptic)
Laplace-Beltrami operator. In particular, we have the following result that we can apply
to the Laplacian on R", which we generalize to Riemannian manifolds in the subsequent
corollary, that we will use to assemble a desired result in the proof of Cheeger-Gromoll in
Section 6. We give a sketch of the proof; for a full treatment, reference §6.3 of [Eval0].
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Theorem 3.16 (Elliptic Regularity). Let Lu = —8;(a”d;u) + b'O;u + cu be a uniformly
elliptic operator with smooth coefficients a¥, b, c € C*(U) for i,5 = 1,...,n, and f € C°°(U)
where U C R". Suppose u € H'(U) = {u € L*(U) : dyu, ...,0,u € L*(U)} is a weak solution
of the elliptic PDE Lu = f in U. Then u € C*(U).

Proof Sketch. We proceed in three main stages. Throughout, L is assumed to be uniformly
elliptic with constant ¢ > 0. That is, >',_, a”(x)&&; > 0[¢]* for all z € U and £ € R™.
Step 1: A priori, v € H*(U) has only one weak derivative in L?. We want to upgrade
to having two derivatives in L% Since u is defined only as a weak solution, we cannot
differentiate Lu = f, but we can use difference quotients as a proxy. For small h # 0 and a
coordinate direction ey, define the difference quotient
u(z + hey) — u(z)
7 )
Notably, u € H' has a weak derivative u,, € L? if and only if || D}u/5 is bounded uniformly
in h (cf. Theorem 3(ii) of §5.8.2 [Eval0]). We want to establish such a bound on D}(Du).
Let V e W & U and consider the smooth cutoff function ( =1 on V and ( =0 on R™\ W.
Set f:=f— " bu,, —cu € L*(U), so that the weak formulation reduces to

n
E /a”uwivm]. dx:/fvdx
ij=1"Y v

for all v € HX(U). Substituting the test function v = — D, "*(¢2Dlu) € H!(U), we obtain the
following equation:

Diu(w) =

A= Z/(]aijumivxj dac:/vadx =: B.

ij=1
We can expand A using the product rule and the identity [ vD,;hw = — [wD}w to isolate
the leading term of A,

Ay = Z / o'z + hek)DZuxiDZug;jCl dz,
U

,j=1

and by uniform ellipticity, we bound
A > 0/ C?|DI'Dul? dx.
U

The remaining terms of A and the right hand side B are estimated by Cauchy’s inequality
with ¢ taken to be a fraction of 6 in order to be absorbed in the the left hand side. In
particular, we have

/ |DI'Dul* dox < C’/(f2 +u? + | Dul?) dw
1% U

(U), hence u € H:

loc

uniformly in h. Taking h — 0 gives Du € H}

loc

U).
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Step 2: We want to iterate Step 1 to get an arbitrary Sobolev regularity result. The HZ_
result of Step 1 is the base case m = 0. To reach Hl’:c“ for all m, we proceed by induction.

Suppose u € H|"*?(U). Then for any multi-index o such that |a| = m+1, we can differentiate

Lu = f by D* to get the PDE L(D%u) = f in W, where

f=D"f + ﬁ;y (g) (commutator terms)

involves derivatives of the coefficients a¥, b, ¢ applied to lower order derivatives of u. Since
we assume a”/, b, c € C*(U), these commutator terms are controlled, and the inductive
hypothesis ensures that all lower order derivative terms of u appearing in f lie in LZ.. So
@ := D"u € H} (W) is a weak solution of Li = f with f e L2 . Applying Step 1 gives that

loc®

u € H". Since f € C*(U) ¢ H™(U), and since a”, b, c € C>°(U) for all m, we conclude

loc

u € HE (U) for all k > 1.

Step 3: Although we have membership in all Sobolev spaces, we do not immediately have
that u is smooth — to achieve this, we use Sobolev embedding techniques. Fix £ € N and take
an integer k > n/2 such that k — [n/2] — 1 > ¢. Step 2 gives u € HE (U) = Wi22(U). We
iteratively apply the Gagliardo-Nirenberg-Sobolev inequality (Theorem 1 in §5.6.1 [Eval0])
starting with py = 2; at each step, the inequality gives Du € LP* where 1/p* =1/p—1/n
and |8] = k — 1, so that u € W, 7",

Setting p; = p*, p» = p}, and so on, after [n/2| steps the exponent satisfies p|,/2) > n,
since each application of p — p* increases 1/p by 1/n, and we have subtracted |[n/2]/n
from 1/2 in total, hence we reach 0. That is, we have gotten to VV{Z; /27 with r > n, and
Morrey’s inequality (Theorem 4 in §5.6.2 [Eval0]) gives the embedding into C*~l*/2=13({))
for some ¢ € (0,1]. In particular, u € CL.(U) = C*(U) since classical differentiability is a

local condition. Since ¢ > 0 was arbitrary, u € C*(U). O

We now want to generalize this to the case of Riemannian manifolds in order to apply
the strengthening result to the weakly harmonic functions g4. First, however, we need to

show that the pushforward of the Busemann function g, to Euclidean space belongs to the
Sobolev space H(U).

Lemma 3.17. Let (M, g) be a Riemannian manifold and g, the Busemann function associated
to aray v. Let ¢ : U — V C R" be a coordinate chart, and suppose V is convex. Then
=g op e HL (V) thatis,u € H' (W) forall W € V.

Proof. We will show @ € H' (W) for all W € V. Fix such a W & V; we can then find
an intermediate V' such that W € V' € V such that V' is compact and convex. Set
K = ¢ (V') € U. K is compact since ¢ is a diffeomorphism. Since g;; € C*°(U) and K
is compact, the matrix (g;;(p)) is uniformly bounded and uniformly positive definite over
p € K. That is, there exist 0 < A < A < oo such that

MEP? < gii(p)€'e < AJ¢?
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for all p € K and ¢ = (€',...,6") € R". For z,y € W, the convexity of V’ gives o(t) :=
(1 —t)z +ty C V' with ¢t € [0,1] and its preimage c(t) := ¢~ (o (t)) lies in K. We can use
this curve c to derive the following upper bound:

Ao @) < [ fasleteto)es 4, < L,

< [ Voo e - —o)dr dgafett) =y -

1
< [ Vi gl de g < Al
0
= VA|z — y|gn.
Since g, is 1-Lipschitz (Proposition 3.10), we get
() = a(y)| = |9+ (27" (%)) = g4 (¢ W))] < dyl07 (2), 7' () < VAJz —y]
for 2, € W, and so @ is v/A-Lipschitz on W. Thus & € Wh°(W) ¢ W2(W) = HY(W). O

We can now extend the regularity result of Theorem 3.16 to the Laplace-Beltrami operator
on a Riemannian manifold. We denote this by A in the following corollary.

Corollary 3.18 (Weyl’s Lemma for g, on a Riemannian Manifold). Let (M, g) be a Rie-
mannian manifold and g, € D’(M) is the forward Busemann function associated to a ray =.
If (g4, Ap) = 0 for all nonnegative p € C°(M), then g, € C*°(M) and Ag, = 0.

Proof. Tt suffices to show that g, is smooth near each p € M. Let (U, 1) be a chart around
p; let (U) = Q C R™ be convex (e.g., 2 is an open ball), and set @ = g, o¢p~! € D'(Q2). In
the chart U, we can write the Laplace-Beltrami operator in divergence form as

1 .
Agy \/th& ( det gg gg+> :

If we define Ag, = Lu, we can expand to get the following expression for L in coordinates:

1 ij . iia 1 | N
T (0 (VA9") i1 + Vet 9910019, ) = 6705 + =i (VVdetgg?) 05

If we let ¥ = g% and b' = ﬁaj(\/det gg"), then
L =a"(z)0; + V'(2)0;.
Notice that both @, b" € C*(Q) since g is smooth.

Now fix " € @ € Q, and define K = (), which is compact in M since v is a
diffeomorphism. Since K is compact and g;; is smooth, there exist 0 < A < A < oo such
that A¢|* < ¢:;(¢)€¢? < AEJ? for all ¢ € K and £ € R". We can make the substitution
q = ¢~ (z) and invert this inequality to get

1 g g 1
K|§|2 < g7(2)6&5 = a8 < <€)
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for all z € & (since ¢! is a bijection between € and K), which gives that L is a uniformly
elliptic operator on €2'.
We have already shown in Lemma 3.17 that @ € H;}

loc

(), in particular « € H' (). It
remains to show that @ is a weak solution to Lz = 0 on € in order to apply Theorem 3.16.

For any ¢ € C°(Y), let us set & = pop € CX(U) C C°(M). Then since (g4, AP) =0
by Theorem 3.15, by using the change of variables ¢ = 1)~!(z) we can write

0:/ g+ACI>dVg:/ @+ (Lp)y/det gdx,
M o

which is equivalent to @ being a weak solution to Lu = 0 on 2.

Since L has been shown to be uniformly elliptic on €2’ with smooth coefficients, and
u € H'Y() is a weak solution to La = 0, Theorem 3.16 gives that « € C*°(£2”). Since
0" e O € Q were arbitrary, @ € C*(Q), hence g, € C*(U) since g, = i o and ¢ is a
diffeomorphism. Since p € M was arbitrary, g, € C>°(M). Finally, Green’s second identity
gives that Au = 0 classically since for all test functions ¢ € C°(M),

0—/ 9+A<p—/ PAG;.
M M

4. ANALYTIC RIGIDITY VIA BOCHNER'S FORMULA

We have established that the Busemann function g, associated to a line v is harmonic in
the nonnegative Ricci curvature setting. However, we need a way to move from harmonicity
to some form of splitting result. The first main step toward this goal is the Bochner formula.
This formula will convert the harmonicity condition into geometric information about Vg, .
In particular, we will see that Bochner’s formula ensures that Vg, is a parallel vector field,
and then Section 5 will discuss how we turn this parallel vector field into a splitting result.
We begin by stating and proving Bochner’s formula.

Theorem 4.1 (Bochner’s Formula). Let u be a smooth function on the manifold M. Then
1
§A|Vu|2 = | Hess(u)|* + (VAu, Vu) + Ric(Vu, Vu).

Proof. Fix p € M, and let {Ey, ..., E,} be an orthonormal frame, that is (F;, E;) = §/ and
Vi, E;(p) =0. Recall that for Y € X (M), we define divY =) (Vg,Y, E;), and also recall
Af =divVf. So for Y = Vf, we have

Af=div(Vf) =Y (Ve V] E).

1

By metric compatibility, we know E;(Vf, E;) = (Vg V[, E;) + (Vf, Vg E;), hence
Since E;f = (V f, E;), the first term on the right becomes E;(F;f), and therefore
Af = ZEiEif —(VEEi, V).
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Letting f = |Vul?, we have
AIVul> =Y " EiE(Vu,Vu) = (Vi E;, V|Vul?).

But, since we are working in an orthonormal frame about p, the second term is 0.
Proceeding with computation at the point p,

1 , 1

— Z<VE'LVU7 Vu) product rule
= i E; Hess(u)(E;, Vu) def. of Hess
= i E;Hess(u)(Vu, E;) Hess is symmetric
— i Ei(Vv.(Vu), E;) def. of Hess

= Z<VE¢VW(VU), E;) + (Vvu(Vu), Vi, E;) product rule
- Z<VE¢VW<VU)> E;) orthonormality at p
=Y (R(E;,Vu)Vu, E;)

+ ZWWVEi(vu), E;)

+ ) (Vig.vu(Vu), E),

where the last equality comes from the definition of the Riemann curvature tensor. The first
term is by definition Ric(Vu, Vu). By the product rule, the second term is

ZWWVEAWL E;) = Z<Vu><in<Vu>7 E;) = (V5 (Vu), Vo, E;)
= (Vu) Z(invu, E;)
= (Vu)Au
= (VAu, Vu),

where the second equality comes from the fact that the E; are parallel, hence Vx E; = 0 for

any X € X (M), the third equality comes from the definition we wrote in the first display-style

line of the proof, and the last comes by definition and symmetry of the inner product.
Finally for the third term, we have

Z<V[E v (Vu), ZHess ([E;i, Vu|, E;) def. of Hess

i
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= Z Hess(uw)(VE,Vu — Vv, B, E;) def. of Lie bracket

= Z Hess(u)(V g, Vu, E;) — Hess(u)(VvuE;i, E;) linearity

= Z Hess(u)(V g, Vu, E;) parallel frame at p
= i Hess(u)(E;, Vg, Vu) symmetry
— i(inVu, Vg, Vu) def. of Hess
= |£Iess(u)|2.
U

Notice that if we are working with a harmonic function u, then the term (VAu, Vu) = 0.
Therefore, we can reduce the Bochner formula in the case of harmonic u to

1
§A|Vu|2 = | Hess(u)|?* + Ric(Vu, Vu).

Let us apply this result to the Busemann function g, on the manifold M, which we take
to have nonnegative Ricci curvature. Recall that by Proposition 3.13, |[Vg,| = 1. Therefore
on the left hand side of the reduced Bochner formula, we have %A( 1) =0, and so

0 = |Hess(g4)|* + Ric(Vgy, Vgy).

By definition, |Hess(u)|* = |[V(Vu)]* = >, |V, Vul? for any orthonormal frame {E;}.
But since the left hand side is 0 and each of the summands on the right is nonnegative
(surely | Hess(g, )2 2 =

> 0, and Ric > 0 by assumption), we must have that | Hess(g; )
Ric(Vg,,Vgy) = 0; in particular Vg, Vg, = 0 for all 7. Since the covariant derivative is
linear in the lower slot, we have that VxVg, = > X'V, Vg, for any arbitrary X € X (M),
hence this vanishes as well. Since VxVg, =0 for all X € X(M), Vg, is parallel.

5. GEOMETRIC RIGIDITY VIA DE RHAM DECOMPOSITION

To show that the existence of a parallel vector field induces a splitting, we appeal to a
weakened version of the following theorem (it is stated in [Bes87] that the proof of this
theorem is very hard, and that a simple proof does not exist — it appears that this comment
sparked further study, and a proof is given in [Pan92]):

Theorem 5.1 (de Rham). If a Riemannian manifold is complete, simply connected, and if
its holonomy representation is reducible, then (M, g) is a Riemannian product.

This theorem imposes the condition that M be simply connected; however, we can loosen
the theorem by considering a local result without this hypothesis, and then instead by using
properties of the Busemann function g, we can re-strengthen to a global result in this
particular case. The local result follows:
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Theorem 5.2 (Local de Rham). Let (M, g) be a Riemannian manifold, not necessarily
complete, and fix p € M. Let V C T,M be the subspace of T, M which is acted on trivially
by Hol(p) (i.e., every vector in V should be fixed by action by any element of Hol(p)), and let
V+ be its orthogonal complement in 7, M. Then M is locally a product with metric g x g, .

In other words, if the holonomy representation Hol(p) is reducible, then the manifold locally
splits as a Riemannian product. Before we prove this theorem, note that the machinery that
we want to use in our argument is a generalization of vector fields — distributions (but not
the kind used in Section 3). Consider the following definitions and fact about distributions.

Definition 5.3. If M is a smooth manifold, then a (tangent) distribution D assigns to
each p € M a vector subspace D, of T,M in a smooth way. In particular, for any p € M
there exists a neighborhood U, C M and a collection of vector fields { X7, ..., X;} that span
{X1(q), ..., Xik(q)} = D, for any ¢ € U,.

The distribution is said to be parallel if it is parallel transport invariant; equivalently, if Y’
is a local section of D (i.e., Y, € D, for all p € U C M) and X is any vector field, then VxY
is also a local section of D.

The distribution D is said to be involutive if for any two X, Y € I'(D) C X (M), their Lie
bracket [X, Y] is also contained in T'(D) C X (M).

If for every D, we have that there exists some submanifold N C M such that D, = T,N,
then we say that D is a foliation, and the submanifolds N are called leaves of the foliation.

Theorem 5.4 (Frobenius). Every involutive distribution is (completely) integrable to a
foliation.

Proof. We omit proof; see Theorem 19.12 in [Leel3]. O

In order to interface between the hypothesis about holonomy representation and distribu-
tions, we need the following lemma, which provides the link between Vg, being parallel and
the splitting result we desire.

Lemma 5.5. Let k € Z be between 1 and n — 1. Then the following are equivalent:

a) There exists on (M, g) a parallel, involutive distribution D,
b) The holonomy representation Hol(g) leaves invariant a subspace of dimension k.
Moreover, such a distribution is necessarily involutive.

Proof. (a = b) Fix p € M and consider D, C T,M, a k-dimensional subspace of T,,M. If &
is a loop based at p, then we have an element P, € Hol,(g). Since D is parallel by assumption,
parallel transport preserves D, along every curve, that is, P,(D,) = D,. So every P, leaves
D, invariant, and so Hol,(g) preserves D,. Since p is arbitrary, we have (b).

(b = a) Fix p € M and suppose Hol,(g) preserves some k-dimensional V' C T,M. Define
a distribution D on M by parallel transport: for any ¢ € M, pick some path ¢ from p — ¢,
and set P,(D,) = D,. So, every P, leaves D, invariant by construction, and so Hol,(g)
preserves D,. Since p is arbitrary, we have (a).

To see that such a distribution D is involutive, consider two vector fields X, Y belonging
to D. Then both VxY and Vy X belong to D by invariance under parallel transport, hence
[X,Y]=VxY — VyX belongs to D. O
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1
Lp
« (I)(l‘, y)
y ...........
u w
p v z L,

F1GURE 4. Construction of the map &

We can now proceed with the proof of the local de Rham splitting theorem.

Proof of Theorem 5.2. Fix p € M and assume that we can split T,M =V @& V1 where V is
invariant under the action of Hol(p) (i.e., parallel transport around any loop based at p fixes
V).

Our first goal is to build a totally geodesic, flat foliation. By Lemma 5.5, there exists a
globally defined smooth involutive distribution D C T'M such that D, =V and VxY € ['(D)
whenever X,Y € I'(D) (parallel transport invariance). By the same logic, there also exists a
globally defined smooth involutive distribution D+ C T'M with the same properties. Since
D, Dt are involutive, Frobenius’ Theorem (Theorem 5.4) gives that we can integrate these
distributions to foliations: in particular, D integrates to a foliation F, and D+ integrates to
a foliation F+, and these two foliations are orthogonal.

Claim 1A: Fvery leaf of F is totally geodesic.

Proof. Let L C F be a leaf; by definition, 7,,L = D,, for all p € L, hence T'L = D|,. So,
if X € X(L) is tangent to L, meaning X, € T),L for all p, then X, € D,. Recall Gauss’
formula, VY = VLY + I(X,Y). If VxY € I'(D) for X, Y € I'(D), then X and Y are
tangent to L since D|;, = TL. Hence X and Y are D-valued, so VY'Y € T'(D) = T'(T'L),
thus I(X,Y) = 0. Equivalently, L is totally geodesic in M. o

Claim 1B: The leaves of F are flat.

Proof. Since V' is holonomy invariant, curvature must vanish in the directions of V; in
particular, for any v € V', we have R(X,Y )v =0 for all X,Y € X (M), hence all sectional
curvatures of planes in D are 0. Since the leaves of a parallel distribution’s foliation are
totally geodesic by Claim 1A, the geodesics of L are geodesics of M. So, the curvature
of the leaf is the same as the ambient curvature, that is R(X,Y)Z = R(X,Y)Z with
X,Y,Z € D. Hence RE(X,Y)v =0 for v € V, and the leaves are flat. o

Since the leaves are totally geodesic, expﬁ(’u) = expzj,‘/[ (v) for v € T, L, and so throughout
when the domain of exp is ambiguous, we do not in fact run in to any issue. Further,
the geodesic 7, (t) = exp,(tv) is contained entirely in L (respectively L* if v € L), hence
exp,(T,L) C L, and exp,(T,L*) C L*.
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Our second goal is to build a local isometry. Consider the map ® : L x L+ — M, in which
we somewhat combine the coordinates of a point € L near p and a point y € L* near p, by
first moving along L and then parallel transporting along the L* direction. In particular,
there exists a unique v € T}, L such that y = expp(v), and also there exists a unique w € T,,L*
such that y = exp,(w). Suppose we parallel transport w along the geodesic a(t) = exp,(tv)
(we can do this since the distributions are parallel), and call this @ € T, L — note here that
we write L+, which denotes the leaf of the foliation F* passing through z, instead of the leaf
passing through p, which retains the label L*. Then we can finally define ®(z,y) = exp, (),
as illustrated in Figure 4.

We want to show that ®*g = g,@g.. Notice that (2*g).y)(U, V) = ga(z,) (dP(U),d®(V));
so, we want to understand d®. At a point (z,y) € Lx L+, we have the splitting T{, ,)(Lx L*) =
T.L & T,L*. Suppose (X1,0) € T,L and (0, X,) € T,L*. Recall that if i : L — M is an
inclusion (immersion), then for any = € L, we have dix(TmL) = T,L C T,M, and since
T,L = D, by definition, a(s) € Dq(s) for any curve a(s) C L. By construction of ®, moving
along the L direction pushes forward to a vector in D and moving along L* pushes forward
to a vector in D*. In particular, d®(X7,0) € D,y and dP(0, Xs) € Dy

Consider the following expansion:

(dD (X1, Xs), dD(Y1, Ys))y = (d®(X7,0),dD(Y1,0)), + (dP(X7,0),dD(0,Y)),
+ <d<1>(07 X2)7 dq)O/l» 0)>g + <d(1)(07 X2)7 dq)<0a YVQ))Q
= (d®(X1,0),d®(Y1,0))g + (d®(0, X2), d®(0,Y2))g,

O(z,y)”

where the two cross terms cancel by orthogonality. We need to show that the right hand side
is equivalent to g(X1,Y1) + g1 (X, Y2). In particular, we want

g(X17}/1> = <dq)<X170)’dq)()/170)>9’ gLJ-(X%}/?) = <dq)(0’X2)’dq)(07Y2)>g'

Notice that by fixing a variable of ®, we can parameterize the leaves L and L*. That is,
we can locally define ® : L x L+ — M so that for fixed y € L+, the map ®,(z) = ®(z,y)
parameterizes L,, and for fixed z € L, the map ®,(y) = ®(z,y) parameterizes L;.

Claim 2: Let X1,Yy € T, L, and fixy € L. Then the map ®, : L — M preserves the metric
on L, and the map ®, : L+ — M preserves the metric on L*.

Proof. Fix y = exp,(w) € L+ where w € T,L*. For x € L, take a, to be the geodesic
in L from p to z, and let P, : T,M — T,M denote parallel transport along a,. By
definition, ®,(z) = exp,(P,w). Since the splitting TM = D@D is parallel, P, preserves
T,L*, and so P,w € T, L*. Therefore ®,(z) is obtained by moving from z along the L*
leaf through z.

Take a curve z(s) C L such that z(0) = z and #(0) = X, € T,L, and fix y € L*. For
each s, let o be the geodesic in L from p to z(s), and let w(s) denote the parallel transport
of w along ay. Then ®(x(s),y) = exp,,(w(s)). We can then define the variation
['(s,t) = exp,,)(ti(s)); by definition, each I's(t) is a geodesic, and I'(s, 1) = ®(z(s), y).
Therefore,

d OF
d(I)(x,y)(XbO) = % @(%(S),y) = g(o,t)
0
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So, if we write the variation field Jy, (t) = 2£(0,t), then d®(,,(X1,0) = Jx,(1).
Similarly for another vector Y; € T, L, we can construct and define a variation field Jy, (¢)
such that d®,,(Y1,0) = Jy, (1).

We claim that (Jx, (1), Jy, (1)) = g(X;,Y1). At s =0, we can define v(t) :=T'(0,¢) =
exp, (tw); this is a the geodesic starting at  with initial velocity @. Since Lt is totally
geodesic, v lies in the leaf LT, and #(¢) € D*. Since the variation is obtained by moving
the base point z(s) inside L, the variation field Jx, (¢) points in the D direction; that is
Jx,(t), Jy,(t) € Dy). Since D is a parallel distribution, parallel transport preserves D.
In particular along « tangent to D+, the D directions are parallel transported, and so
Jx, and Jy, along v are precisely the parallel transports of their initial values. That is,
VsJx, = VsJy, = 0. Therefore,

d
£<JX1 (t>7 ‘]Y1(t)> = <vﬁ‘]X1v JY1> + <‘]X17 V7‘]5/1> =0,

giving that (Jx, (t), Jy,(t)) is constant in . So,
<‘]X1(1)7 JY1(1>> = <‘]X1(O)7 JY1(0>> = <X17Y1>’

giving that g(X;,Y)) = (d®(X7,0),dP(Y3,0)), as desired. Showing that the metric is
preserved on ¢g;. follows by the same techniques. o

Substituting in to the expansion yields
(dO(X7, Xs),dP(Y1,Y2)), = (dP(X1,0),d®(Y1,0)), + (dP(0, Xs3), dP(0,Y3)),
= §(X1, Y1) + g+ (Xa, Y2),
and so ®*g =g D gr1. O

So the manifold can be split locally. We want to use properties of the Busemann function
g+ to extend this to a global result; in particular, since Vg, is parallel and nonvanishing, we
can propagate the splitting globally by gluing the de Rham charts using a global coordinate
along g, and a global transversal, which is a level set of g,.. We will do so by constructing
an isometry F such that F*g = dt?> @ h. Before we present and prove the global version of de
Rham splitting in the special case of Vg, , first consider the following technical lemma.

Lemma 5.6. Vy, X(t) = Vx)(Vgy) where F(t,p) = ¢(p) is the flow of Vg,, X € T,N,
and X (1) = dyi(X).

Proof. Pick a curve o(s) C N such that 0(0) = p and ¢’'(0) = X. Consider the variation
[(s,t) = pi(0(s)), and define T' = o' and S = O,I". Then T'(s,t) = (Vg)(I'(s,t)) since ¢y
is the flow of Vg, and S(0,t) = X(¢).

Since the Levi-Civita connection is torsion free, V.S — VT = [T, S]. But since S, T are
coordinate vector fields from a smooth map I', the Lie bracket is 0, hence the derivatives
commute. At s =0, 7(0,t) = (Vg1)(ee(p)) and S(0,t) = X (), hence

Vo, X(t) = VrS|s=0 = VsT|s=0.
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To compute the right hand side, notice that T'(s,t) = (Vg4 )(I'(s,t)), and so differenti-
ating in the S direction is just covariant differentiation of Vg, that is, VT = Vg(Vg,).
Evaluating at s = 0 gives V5, X (t) = Vx)(Vgy). O

Theorem 5.7 (Globalized Local de Rham). Suppose g, is a smooth forward Busemann
function such that Vg, | =1 and Ag, = 0, that is, Vg, is parallel. Then there exists an
isometry F such that F*g = dt*> @ h globally.

Proof. For notational simplicity, we write V' = Vg, , and define the level set N := gjrl(O).
Since |Vg| = 1, we have that 0 (in fact, any point) is a regular value. Hence the Regular Level
Set Theorem (Corollary 5.14 in [Leel3]) gives that N is a smooth embedded hypersurface,
and

T,N = {X € T,M : (V,, X) = 0} = ker(dg, ), = V,*.

Note too that we can split T,M = T,N & (T,N)*; the right term is therefore (T,N)* =
(V;5) = = R -V, since (v')* = span(v) for v # 0. With this, Theorem 5.2 gives that we
can integrate R - V,, ® T,N to a local Riemannian product; we claim that since V' = Vg,
is parallel (from the Bochner formula) and nonvanishing, we can extend this Riemannian
product to be global.

First, we show that the flow ¢; of V exists for all time, and allows us to move through
the level sets linearly. By definition, we have £y (z) = V(). Since [V| =1 (that is, it is
bounded) and M is complete, the flow exists for all t € R; that is, there is no blow-up and
the flow lines are unit speed geodesics defined for all time. Then we compute

Soiae) = g (V) = (V,V) = [V =1,
hence g4 (pi(z)) = g+ (z) + t. In particular, if z € N, then g, (z) = 0, and so g, (p(x)) = ¢;
that is, ; is a diffeomorphism of N onto the level set g;'(¢).

Suppose we then define the map F : R x N — M by F(t,p) = ¢i(p). Given any = € M,
take t = g4 (x); then p := ¢_4(x) is such that g, (p) = g.(x) —t = 0, and so p € N and
x = @(p) = F(t,p), and so F is surjective. Also if F(¢,p) = F(s,q), then we apply g, to get
that t = g (F(t,p)) = g+ (F(s,q)) = s, hence s = t, and also ¢;(p) = ¢:(q) implies p = g by
the uniqueness of ODE flow, hence F' is injective.

It remains to show that this bijection is an isometry; to do so, we show that dF is an
isomorphism at all points, giving that F' is a local diffeomorphism by the inverse function
theorem, which is then a global diffeomorphism since it is a bijection.

Proof. We want to show that dF : T(;,)(R x N) — Tpp) M is an isomorphism. Notice
that dim(7;,)(Rx N) =14 (n—1) = n = dim(Tp) M), and so it suffices to show that
dF is injective. In particular, at (t,p) € R x N, we can split T, ) (R x N) =R, ® T, N,
so if a0, +v € RO, & T, N, we want to show dF'(ad; + v) = 0 implies a = 0 and v = 0.
Notice that dF;,)(0;) = ZF(t,p) = Soy(p) = ( +(p)), hence dF(0;) = V. Also,
we claim that dF(v) € V*+. Indeed, recall N = ¢7'(0) and T,N = ker(dg,),, hence
d(g

d(g+)p(v) = 0. By the chain rule, d(g.)r(p) (dF(v)) = d(g+ 0 )tp>( v), but g+ (¢(p)) =
(9+ © F)(t,p) = g+(p) + ¢, and so v(g OF) v(g+(p)) = 0, since g,(p) = 0 on N.
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Hence d(g+)(dF(v)) = 0. But by definition of the gradient, dg,(Y) = (V,Y’), hence
(V,dF(v)) =0, and so dF(v) € V! as claimed.

Last, we claim that Tpg,) M = RV @ V. For notational simplicity, take 2 = F(t, p);
then V, # 0 since |V| = 1 and V+(z) = {Y : (Y, V) = 0}. By definition, this V+
is a hypersurface. Since dim(RV) = 1 and dim(V+) = n — 1, it remains to show
RV @ V+ = {0}. Indeed, suppose w € RV, N V-, then w = AV, for some ), and also
0 = (w,V,) = A\V,|%. Since |V,|? = 1, we must have A = 0, hence w = 0. Therefore,
T M is in fact a direct sum.

So, suppose dF(ad; +v) = 0, hence aV + dF(v) = 0. But aV € RV and dF(v) € V+,
and so we must have aV = 0 and dF'(v) = 0 by the direct sum decomposition shown

earlier. But, |[V| = 1 so a = 0, and since dF'(v) = (¢¢)«v where ¢; is a flow hence
diffeomorphism, the map (¢¢). : T,M — Tpp)yM is an isomorphism, hence dF'(v) = 0
implies v = 0. So dF’ is injective, hence an isomorphism. o

As discussed, since dF is an isomorphism, F' is a local diffeomorphism, and since F' is also a
bijection, F'is a global diffeomorphism. We now want to show that it is an isometry; we will
check this on pairs of vectors belonging to either R, or V+. Take h to be a restriction of the
metric g, so h,(X,Y) = g,(X,Y) where X, Y € T,N C T,M. If we give R x N the metric
g =dt* @ h, then §(9;,0,) = 1, §(9;, X) = 0, and §(X,Y) = h,(X,Y); we want to show that
F*g = g. By definition of pullback, we show the first two conditions, where X € T, N:

(F79) ) (01, Or) = griep) (dF (D), dF(8))) = grap (V. V) = 1,
(F"9)(t.0) (0, X) = grep (dF (), dF(X)) = gpep (V, dF (X)) =0,
where the last equality comes from the fact that dF(X) € V1, hence gives an inner product
of 0. For the last condition, fix p € N and X,Y € T,N. If we set f(t) = g(X(t),Y(t)), where
X(t) =de(X) and Y (t) = dpi(Y'), we claim that f'(t) = 0.

Proof.  See that Lg(X(t),Y(t)) = g(Va,X(t),Y(t)) + g(X(t), VY (t)). We want to

show that V5, X(t) = V5,Y(t) = 0. Lemma 5.6 gives that Vy, X () = VxuV, but

VV =0s0 Vy,X(t) = 0; similarly, we get V,Y (t) = 0. Hence f'(t) = 0. o
Therefore f(t) is a constant function, and so g(X(¢), Y (t)) = ¢(X(0),Y(0)) = g(X,Y"), which
is equivalent to h,(X,Y) since X,Y € T,N. Therefore F' is an isometry, and so we can
extend the local de Rham splitting to a global splitting. 0

6. PROOF OF CHEEGER-GROMOLL SPLITTING THEOREM

Recall the titular theorem of this manuscript; we have now built up the techniques used to
prove the Cheeger-Gromoll splitting theorem.

Theorem 6.1 ([CGT1)). Let (M, g) be a complete Riemannian manifold of nonnegative Ricci
curvature. Then (M, g) is isomorphic to the product R* x N, where N contains no lines, and
R* has its usual flat metric.

Proof. If M contains no lines, then we are done. Otherwise, suppose that M contains a
line v : R — M. We denote the forward and backward Busemann functions associated to
v as g4 and g_ respectively (Definition 3.14). Recall that Theorem 3.15 gives that g, is a
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weakly harmonic function, which we strengthen to g, being smooth and strongly harmonic
via Corollary 3.18.
We apply the Bochner formula (Theorem 4.1) to g, and get

1 .
§AWQ+|2 = |V29. [ + (VAgy, Vgy) + Ric(Vgy, Vgy).

But since gy is harmonic, (VAg,,Vg,) = (V0,Vg,) = 0. Also, we showed that |Vg,| =1
in Proposition 3.13 and so the Bochner formula reduces to

0= |V?g4|* + Ric(Vgs, Vg ).

But we assumed that Ric > 0, and surely |V?g,|?> > 0, and so |V?g,|> = Ric(Vgy, Vgy) =0
as previously discussed in Section 4.

By definition, V2¢, (X,Y) = (Vx(Vgy),Y), hence 0 = (Vx(Vgy),Y) for vector fields
X,Y. Since X, Y are arbitrary, Vx(Vg,) = 0 for all X, hence Vg, is a parallel vector field.
We can then define the rank-1 distribution D = span(Vg,). Recall that a distribution is said
to be parallel if it is parallel transport invariant, or equivalently, if for any section Y of D and
any vector field X, then VY is a section of D. Consider a section Y = fVg, of D. Then

VxY =Vx(fVgy) = (Xf)Vgy + fVx(Vgy) = (Xf)Vgy,

where in the second-to-last expression, the second term vanishes due to Vg, being parallel.
Hence D is a parallel distribution.

Since D is parallel, we claim that Dt is as well. Indeed, if Y is a section of D and Z is a
section of D+, then (Y, Z) = 0, and for any vector field X,

0=X({Y,2)) = (VyY,Z) + (Y,VxZ).

Since D is parallel, VxY € D, hence (VxY,Z) =0, forcing (Y, VxZ) =0 for all Y € I'(D),
hence VxZ € D+.

Lemma 5.5 gives that D implies the existence of a Hol(g)-invariant subspace of the same
dimension as the rank of D, and Theorem 5.2 turns this into a local splitting. Theorem 5.7
then uses the flow of Vg, to upgrade to a global splitting. By the constructions in the proofs
of these splitting theorems, the Euclidean component dt? corresponds to the distribution D
generated by the gradient of the Busemann function g, , which is associated to the line .
Therefore (M, g) = (R x N,dt* ® gy).

If M contains another independent line, that is, N contains a line, we repeat the same
exact procedure on the manifold NV to peel off another copy of R. We continue doing so until
N contains no lines, yielding the splitting (M, g) = (RF x N, §® gn). O

7. CONSEQUENCES

7.1. Fundamental Group Structure. Some particularly interesting consequences of the
Cheeger-Gromoll splitting theorem are the restrictions on the topology that the product
structure gives the manifold. Rather simply, consider first the following fact.

Proposition 7.1. If M = R* x N, then 7 (M, (x9,0)) = 71(N, yo).
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Proof. For a product manifold M x N, we have w1 (M x N, (mq, ng)) = w1 (M, mg) X w1 (N, ng).
In our setting, R* has trivial fundamental group, so w1 (M, (xo,y0)) = 71 (N, o). O

Beyond a simple reduction however, consider the case in which the universal cover M of
the compact manifold M splits isometrically as R¥ x N. As to be seen in Lemma 7.3, the
group of deck transformations (which is isomorphic to w1 (M) and will be notated as such
throughout) acts by isometries and preserves the product structure. Restricting this action
to the Euclidean factor defines a homomorphism into Iso(R*), and we will see that the image
of this homomorphism is in fact discrete — equivalently, 7 (M) is virtually abelian.

In order to show that m (M) is virtually abelian when M is compact and M splits, we will
prove a few lemmas about curvature and completeness of a manifold and its universal cover,
as well as some properties about the action of deck transformations on M. We also provide a
critical fact in Lemma 7.5, which will guide our proof strategy.

Lemma 7.2. Let (M, g) be a Riemannian manifold, and let M be its universal cover with
metric g = 7*g, with 7 : M — M a Riemannian covering. Then Ricy > 0 if and only if
Ricy; > 0, and M is complete if and only if M is complete.

Proof. Consider the Riemannian covering map 7 : M— M ; this is a local isometry. Since
local isometries preserve the metric, they preserve the curvature tensor:

dr(RM(X,Y)Z) = RM(drn(X),dr(Y))(dn(Z)).

Therefore Ricy, > 0 if and only if Ricg; > 0.

Next, suppose that M is complete. If 7 : (a,b) — Mis a geodesic in M, then v :=mo7is
a geodesic in M. Since M is complete, v exists for all time and extends to some geodesic
v : R — M. By the unique lifting property, there exists a unique lift of v to M , and this lift
is defined for all ¢ € R; hence M is complete.

Conversely, suppose M is complete and let v : (a,b) — M be a geodesic in M. Then if
p € (y(c)) (where ¢ € (a,b)), we can lift v to a geodesic ¥ in M such that 7(c) = p and
m o4 = . Since M is complete, 7 extends to all of R, and so ¥ = m o7 is a geodesic in M

defined for all £ € R. O
Lemma 7.3. Deck transformations are isometries and preserve the product M~ RFx N.

Proof. First, notice that deck transformations are isometries: since a deck transformation 7
satisfies m o 7 = 7, we have dm ) o dr; = dmp. Since g = g,

9r(p)(d7(X), d7(Y)) = g (r(p) (dr (d7 (X)), dm(dr (V).
But, m(7(p)) = 7(p) by definition, hence dr(dr(X)) = dn(X), and so g ) (dr(X),dn(Y)) =

G5(X,Y), thus 7*g = g; therefore every deck transformation is an isometry 7 : M — M.
Second, since 7 is an isometry, 7.(VxY) = V. x(r.Y). If V is a parallel vector field (i.e.

VV = 0), then for any X we have V. x(7.V) = 7.(VxV) = 0, and so 7.V is parallel. In

proving the Cheeger-Gromoll theorem, we used the de Rham decomposition theorem, for

which we constructed a distribution D where locally it is the span of a parallel vector field.
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In particular, 7,0 = D. Since 7 is an isometry, 7.(Ds) = D), hence 7 sends leaves of the
D-foliation to leaves of the D-foliation, and the same for D+.

So, since D is tangent to the R*-factor, we want 7 to send slices R¥ x {y} to R* x {y'},
and each slice {z} x N to {2’} x N. We must have that 7(z,y) = (Az + b, (y)), where
A€ O(k), b € R¥, and ¢ € Iso(N). That is, deck transformations act as isometries and
preserve the parallel distributions D and D+ and their leaves. Hence they act by Euclidean

isometries on R¥ and by isometries of N on N. 0
Lemma 7.4. Deck transformations act properly discontinuously on M.

Proof. Recall that a group action (of deck transformations) is properly discontinuous if for
every p € M, there exists a neighborhood U 5 p such that 7(U)NU = () for all nonidentity
7 € Deck(M /M).

Since 7 is a covering map, there exists an open V' C M containing p = m(p) such that V' is
evenly covered. That is,

7 (V) = || Us,
acA
where each U, is open and 7|y, : U, — V is a diffeomorphism. Suppose U is the sheet of
771(V) containing p. Then if 7 is a nontrivial deck transformation, since 7 o 7 = 7, the deck
transformation 7 must permute the sheets U,. That is, 7(U) = U for some (3 € A.

We claim that 7(U) # U if 7 # e. If not (i.e., 7(U) = U), then 7|y : U — U is a
diffeomorphism such that m o7 = 7. But 7|y : U — V is a diffeomorphism, so 7|y =
(|l)~t o (7]y) = idy, but this would force 7 = e since 7 is a deck transformation that is
identity on a nonempty open set, hence must be identity everywhere. Thus 7(U)NU = (. O

Lemma 7.5. Let 1 - G — H — K — 1 be an exact sequence with K = H/G. Then if G
and K are virtually abelian, so is H.

Proof. Since K is virtually abelian, there exists a finite index abelian subgroup Ky < K.
Take Hy := 7 (Kjy), where 7 : H — K is the natural projection. Then H, has finite
index in H since [H : Hy) = [H : 77 (Ky)] = [7(H) : Ko] = [K : K], and the sequence
1 — G — Hy — Ky — 1 inherits exactness, which is easy to check. It suffices to show that
Hy is virtually abelian.

Since G is virtually abelian, let Gy < G be an abelian subgroup of finite index. Consider
then the normalizer of Gg in Hy,

H, = {h € Hy: hGOh_l = Go}

Since Gy is finite index in G, only finitely many conjugates of Gy occur, and so we must have
that H; has finite index in Hy; also note that certainly Gy < Hj.

Consider then the conjugation action  : H; — Aut(Gy) given by x(h)(g) = hgh™'. Notice
that kerx = Cy,(Go) = {h € Hy : hgh™' = g Vg € Go}. Since the conjugation action is
a homomorphism (since conjugation by H; preserves Gy), and since Gy has finite index in
G, and since G < H, conjugation sends G to another subgroup of G of the same (finite)
index. But, groups have only finitely many subgroups of a given finite index, and so there are
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only finitely many automorphisms of GGy that can arise from conjugation by H;. Therefore
|k(H1)| < oo. The first isomorphism theorem then gives that [H; : ker k] < oo, hence the
kernel has finite index in Hy, hence it has finite index in H.

Since the kernel of the conjugation map is the set of elements acting trivially on Gq, the
elements of the kernel commute with all elements with Go; hence Gy C Z(ker k). Hence
we have a homomorphism 7|yer, : ker & — Ky with ker(m|ers) = Go. By the first isomor-
phism theorem, (kerx)/Gy = w(ker k), but w(ker k) < Kj, hence (kerk)/Gy < Ky up to
isomorphism, hence it is abelian.

So, for z,y € kerk, [z,y] € Gy C Z(ker k). Hence ker k is nilpotent with central abelian
group Go. Then the subgroup @Q = ([z,y] : x,y € kerk) < ker k is finitely generated and
abelian, and so R := {h € kerk : h = 0 mod @} is abelian with finite index in ker . Hence
R is abelian with finite index in H; H is virtually abelian. ([l

We are now ready to prove the following theorem about the fundamental group of M. Note
that the proof is not entirely self contained; there are sub-proofs listed as lemmas immediately
following the proof of this theorem. The goal of these claims is to establish the hypothesis of
Lemma 7.5, which will then imply the desired result.

Theorem 7.6. If the universal cover M of a compact manifold M splits in accordance with
Cheeger-Gromoll, then (M) is virtually abelian.

Proof. Since all finite groups contain an abelian subgroup, necessarily of finite index, finite
groups are virtually abelian. So, let us restrict our attention to the case |m(M)| = co. This
implies the existence of nontrivial deck transformations of the cover M , since there is a
canonical isomorphism Deck(ﬂ /M) = 7y (M), which is therefore of infinite order.

Suppose 7 € (M) is a deck transformation acting as an isometry. Then 7(z,y) =
(Ax + b, 0(y)), where A € O(k), b € R, and ¢ € Iso(N) (see Lemma 7.3). Let us define the
map p : 7 (M) — Iso(R¥) by p(7)(x) = Az +b.

We claim that this map p is a homomorphism, that is p(m o 73) = p(71) o p(72). Let
T1(z,y) = (A1x + b1, p1(y)) and o (x,y) = (Asx + by, va(y)). Then

(110 72)(7,y) = 1 (A2x + b, 2(y)) = (ArAsz + A1ba + b1, 1 (2(y))),
hence P(Tl e} 7'2) = AlAQ.Z' + A1b2 -+ bl' Likewise,
(p(11) © p(12))(x) = p(71) (A + bg) = A1 (Agx + bo) + by = Ay Agx + Arby + by

Hence p(11 0o 12) = p(11) o p(72), so p is a homomorphism. Thus the image p(m (M)) is a
subgroup of Iso(IR¥).
Since p is a homomorphism, we can write the short exact sequence

0— kerp — m (M) — p(m(M)) — 0.

By Lemma 7.5, in order to show that 7 (M) is virtually abelian, it suffices to show that both
ker p and p(m(M)) are virtually abelian. In order to show this, we establish four claims,
which will be proven as separate lemmas immediately following this proof for cleanliness —
once these have been done, we have the result.
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Claim 1: p(m(M)) acts cocompactly on R*  and ker p acts cocompactly on N (Lemma 7.7).
Claim 2: p(m(M)) is a discrete subgroup of Iso(RF) (Lemma 7.8).
Claim 3: p(m1(M)) is virtually abelian (Lemma 7.9).

Claim 4: ker(p) is finite, hence virtually abelian (Lemma 7.10). |

Lemma 7.7 (Claim 1). p(m1(M)) acts cocompactly on R¥, and ker p acts cocompactly on N.

Proof. First fix yo € N and consider S := RF x {yy} C M. Since the total action on
M is cocompact, there exists a compact fundamental domain D C R* x N such that
(M) - D =RF x N. Then we claim the projection g« (D) on to the R* factor is compact.
Take some r € RF; then (x,y0) € M and so there exists some 7 € m1 (M) such that
Tz, y0) = (p(77 1)z, -1 (yo)) € D. Projecting to R*, we have p(771)z € mgs(D), hence
x € p(7)(mgs(D)) since p is a homomorphism. Hence every x € R* lies in the p(m(M))
orbit of the compact set mgx (D), and so R¥/p(my(M)) is compact; that is, p(m1(M)) acts
cocompactly on R¥.

Second, since 71 (M) acts cocompactly on R* x N, we claim the projection on to the N
factor C' := mn(D) is compact. Take any z € R" and fix y € N; since m (M) - D = M,
there exists 7 € 7 (M) such that 77! (x,y) € D. We can write 7 (z,y) = (p(77 ")z, pr-1(y)).
Then 7x (77 (2,y)) = @,—1(y) € C, hence y € ¢, (C) (¢, is an isometry, hence bijection,
so inverses are defined; ¢,-1 = (¢,)~! because ¢ : m (M) — Iso(N) is a homomorphism,
following from Lemma 7.3). So, N is covered by the deck transformations of the compact set
C.

But, if 71,75 have the same image under p, then they differ by an element of K. Since
p(mi(M)) acts on R* by Euclidean isometries, the only remaining freedom in the N direction
must come from ker p. In particular, if we fix a compact fundamental domain = C R¥ for the
cocompact action of p(m(M)) on R¥, then any (z,y) can first be moved by some 7 € 7, (M)
so that its R* coordinate lies in =, and then after this, any further deck transformation
preserving the R* component must lie in K. Projecting to N, we have then that N = K - C"
for some compact C' C N, hence N/K is compact; that is K acts cocompactly on N. 0

Lemma 7.8 (Claim 2). p(m;(M)) is a discrete subgroup of Iso(R¥).

Proof. Let p € M , and pick some U > p such that 7(U) N U = () for all nonidentity
T € Deck(]Tj/M). Since M is a metric space and U is open, there exists ¢ > 0 such that
B.(p) C U. Then for 7 # e, 7(B-(p)) C 7(U), and also 7(B.(p)) N B:(p) = 0. In particular,
7(5) & B.(p), and so d(p, 7(7)) > <.

Now consider K = kerp < m(M). Then ker p consists of deck transformations that act
trivially on R*, and so they are of the form x(x,y) = (x, ¢.(y)). Since M = M/m(M) (by
definition of universal cover) is compact, m (M) acts cocompactly on M by deck transfor-
mations. By Lemma 7.7, p(m(M)) acts cocompactly on R¥, and K acts cocompactly on
N.

Let C' C N be a compact set such that K - C' = N by cocompactness. Pick a compact ball
B,(zo) C R* for any r > 0, and set Q := B,(x¢) x C C M: this is a compact set, being a
product of compact sets.
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Now, let W be a neighborhood of id in Iso(IR¥) that is small enough so that for all n € W,

1(Br(x0)) O Br(xo) # 0.

We can do this since if [n(zo) — 2| < r then the two balls B, (z¢) and B, (n(zo)) must intersect;
but, n(B,(xq)) = B.(n(xzg)) since 7 is an isometry, hence n(B,(x)) N B,(x) # 0, and taking
closures gives this result. Take now 7 € m; (M) such that p(7) € W. By the previous display
style equation, pick x € B,.(x¢) N p(7)(B,(z0)). Since K acts cocompactly on N, the point
©-(y0) € N (the image of the isometry on N determined by 7) can be moved back in to C' by
some k € K. In particular, take x such that ¢.(¢,(y0)) € C. Now p(k) = id since k € ker p,
hence p(kT) = p(7) since p is a homomorphism.
If we consider the point (z,yg) € B.(x¢) X N, then under the action of k7,

(k7)(2, 90) = (p(7)(2), PP (10)))-

Since p(7)(z) € B, (o) and since ¢, (¢-(y0)) € C, we have (k7)(z,y0) € ). But, this means
that if we take any (z,y) € @ C B,(xo) x N, then its image under 7 also lands in @, and
so (k7)(Q) N Q # O for every T € m (M) such that p(1) € W C Iso(RF).

Finally, since (M) acts properly discontinuously on M, the set {rem(M):71(Q)NQ #
(0} is finite for any compact @ in M. Applying this to the Q we constructed gives that

={rem(M):7(Q)NQ # 0} is a finite set. But since (k7)(Q)NQ # 0, if p(1) € W
then k7 € S for some k € K. But p(k7t) = p(7), and so p(kT) = p(7) € p(S), hence
p(m(M)) NV C p(S).

Since S is finite, so is p(S). If we shrink W arbitrarily small so that it contains no
non-identity element of p(S), then p(m (M)) N W = id, hence p(m (M)) is discrete. O

Lemma 7.9 (Claim 3). p(m(M)) is virtually abelian.

Proof. The structure of the Euclidean isomorphism group is Iso(R*) = R* x O(k), and an
element is (A,b) acting by z — Ax + b. Consider the linear part A € O(k). Define the
homomorphism ¢ : p(m(M)) — O(k) by (A, b) — A; then since p(m1(M)) is discrete as shown
in Lemma 7.8 and O(k) is a compact (Lie) group, any discrete subgroup of a compact group
is finite. Hence ¢(p(m(M))) is finite, and so |[¢(p(m1(M)))| = [p(m1(M)) : ker £] < oo. Notice
that ker ¢ = {(I,b) € p(m(M))}, which is an additive subgroup of R*. Since p(m(M)) is
discrete in Iso(R¥), ker £ is a discrete subgroup of R¥, and therefore ker ¢ = Z" for r < k by
some linear algebra. So, [p(m1(M)) : ker £] < oo and p(m;(M)) is virtually free abelian. [

Lemma 7.10 (Claim 4). The group ker p is finite (hence virtually abelian).

Proof. Recall that we are in the setting that M is compact with universal cover M=RFx N ,
and we have shown that K = ker p acts cocompactly on N. Since K < 7 (M), each k € K
is a deck transformation of M hence it acts freely on M. By definition of the kernel, each
k € K fixes the Euclidean factor, so k(z,y) = (x, p.(y)) for some ¢, € Iso(N); hence K acts
freely on N. Further, since deck transformations act properly, the action of K also is proper
on M , hence it is proper on N. Since N/K is compact, and since the action of K is smooth,
free, and proper, we can apply Theorem 21.13 [Leel3] to get that 7 : N — N/K is a smooth
covering map.



39

Since N/K is compact, we can choose finitely many evenly covered open sets Uy, ..., U, C
N/K covering N/K, with each U; compact. For each i, take a sheet V; C 7~(U;); then
V= UTVZ is compact. Since every point in N/K lies in some U;, every K-orbit in N meets
V,thus K-V = N.

Now, we can apply Lemma 21.11 of [Leel3] to the proper action of K on N. For each
p € V, there exists an open neighborhood U, such that x(U,) N U, = 0 for all nonidentity
k € K. Since V is compact, we can take a finite collection of neighborhoods {U,,, ..., U,,}
covering V. We claim then that the set A := {k € K : k(V) NV # ()} is finite. Indeed,
if K(V) NV # 0, then for some 4,5, we have x(Uy,,) N Uy, # 0. For each fixed pair (i, j),
properness of the action implies that only finitely many x can satisfy this condition. Since
there are only finitely many pairs (4, j) (there are k? to be precise), A is finite.

Finally, we claim that A = K. Let k € K. Since K -V = N, the point x(p) lies in (V)
for some 1 € K, where p € V. Then 57 1x(p) € V, hence n~'x(V) NV # (), hence n~'x € A.
Therefore every xk € K lies in a left translate of the set A, but because V' meets every orbit
exactly once after shrinking the chosen V; if necessary, that translate must be unique, hence
we can identify K with A. Therefore ker p is finite. U

Since we have shown Lemmas 7.7 through 7.10, we have proven Theorem 7.6. Further, we
have the following corollary of Lemma 7.7 and Lemma 7.10.

Corollary 7.11. Let M be a compact manifold with Ric > 0, and suppose that its universal
cover M splits isometrically according to Theorem 6.1 as M = R* x N. Then N is compact.

Proof. Let m (M) denote the group of deck transformations of M. As we have seen, under
the splitting M = R* x N, each deck transformation induces an isometry of the Euclidean
factor, giving a homomorphism p : 71 (M) — Iso(R¥). By Lemma 7.7, ker p acts cocompactly

on N, and so there exists a compact set C' C N such that

N = (kerp) - C = U k(C).
KEker p
Since each K € ker p acts on N by an isometry (in particular, a homeomorphism), each x(C)
is compact. Also ker p is finite by Lemma 7.10, and therefore N is a finite union of compact
sets, hence NN is compact. U

7.2. Manifolds with Ends. Another consequence of the Cheeger-Gromoll theorem concerns
the geometry of the manifold at infinity. In particular, if a complete manifold of nonnegative
Ricci curvature has two “ends,” then we can construct minimizing geodesic connecting points
in these different ends, and then use a compactness result to pass to a limiting geodesic line.
An application of Theorem 6.1 then gives that M splits off a Euclidean component.

Definition 7.12. If M is a complete, noncompact manifold, then the connected components
of M\ K (where K is an arbitrarily large compact set) are called the ends of M.

If a manifold has two ends, then for some compact set K, we have that M \ K =
E; U Es U (bounded components).
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Lemma 7.13 (Arzela-Ascoli for Geodesics). Let M be a complete manifold, and suppose
vi : |—ai, bj] — M are unit speed geodesics such that a;,b; — oo and 7;(0) lies in a fixed
compact set. Then there exists a subsequence converging locally uniformly to a geodesic
v:R— M.

Proof. First notice that images stay in a compact set locally. If we restrict to some interval
[—R, R], then for some s € [—R, R], we have d(7;(s),7:(0)) < |s| < R since the curves are
unit speed. Therefore ~,;([—R, R]) C Br(7:(0)). Since v;(0) € K and K is compact, Br(K)
is compact and ~;([—R, R]) C Br(K). Hence all curves stay inside a fixed compact set on
[—R, R]. Also since the ; are unit speed, d(7;(s),7:(t)) < |s —t|, hence the ~; are 1-Lipschitz,
hence {7;} is equicontinuous.

We have established the hypotheses for Arzela-Ascoli, and so for each fixed R, the geo-
desic segment 7;|(— g,z has a uniformly convergent subsequence. We want to upgrade from
convergence on just [—R, R] to any compact interval. To do so, consider [—1,1]. Then
7i([=1,1]) C Bi(K) as shown earlier, and the 7; are equicontinuous. Hence Arzela-Ascoli
gives the( existence of %(1) that converges uniformly on [—1,1]. We can repeat this on [—2, 2]
to get 72

; ) that converges uniformly on [—2,2]. We can continue inductively to get that in

general, 71-(R) converges uniformly on [—R, R]; also note that %-(R) Cc---C %(2) C 71-(1).

From this, define a new sequence by taking the Rth element form the Rth subsequence,
that is, 4z = 'y}(%R). Notice that for any fixed m, all terms 4z such that R > m lie in the
subsequence vfm), and 71-(7") converges uniformly on [—m,m]. Since this holds for any m, we
have 4; — 7 locally uniformly on R. Further, 7 is a geodesic, since 4;(0) € K and |7.(0)| = 1,
hence the initial data (%;(0),4:(0)) lie in a compact subset of TM, so after passing to a
subsequence, 7;(0) — p and 7/(0) — v. Then there exists a unique geodesic v with v(0) = p

and ¥(0) = v, and by smooth dependence on initial conditions, 4; — 7 locally uniformly. O
Theorem 7.14. If a manifold M has two ends, then there exists a line.

Proof. Fix p € K and take sequences {z;} C E; and {y;} C E, such that d(p,z;) — oo and
d(p,y;) — oo; that is, these sequences diverge to different ends. Take ~; : [0,¢;] — M to be
minimizing geodesics from x; to ;. Since the points z; and y; lie in different ends, any path
from x; to y; must pass through the compact set K, hence each ~; intersects K. Pick ¢; so
that z; := 7;(t;) € K.

We now want to recenter the geodesics. Define o;(s) = vi(s + ¢;), hence 0;(0) = z; € K.
The domain of o; is then [—t;,¢; — t;]. Since z;,y; — oo, we also have that ¢; — oo and
l; —t; — 00, so this domain extends to infinity in both directions.

By construction, the z; lie in the compact set K. So, we can pass to a subsequence z;,
which converges to z € K. By Lemma 7.13, the curves o; have a subsequence converging to
a geodesic 0 : R — M. Each of the ¢; is minimizing between any two of its points, since it
comes from a minimizing geodesic. Thus for s < ¢, d(o;(s),0:(t)) =t — s, and taking limits
gives d(o(s),o(t)) =t — s, hence o is globally minimizing on every interval, and so o is a
line. 0]

Corollary 7.15. If a manifold with Ric > 0 has two ends, then it must split isometrically as
M = R x N with the flat metric on the Euclidean component.
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Proof. By the previous theorem, if a manifold has two ends, there exists a line v : R — M.

Since Ric > 0, we can apply Cheeger-Gromoll to get the result. 0]
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