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1. Introduction

The purpose of this manuscript is to give an exposition on the following theorem, stated

now without proof:

Theorem ([CG71]). Let (M, g) be a complete Riemannian manifold of nonnegative Ricci

curvature. Then (M, g) is isomorphic to the product Rk ×N , where N contains no lines, and

Rk has its usual flat metric.

In other words, if the manifoldM contains a certain special geodesic, that is, a line, then we

achieve a global product structure; an example of a local-to-global result. This is a surprising

result, since a priori, Ric ≥ 0 is a relatively loose condition, and the existence of a line feels

like a very minimal requirement. However, consider the following example, in which the lack

of nonnegative Ricci curvature can be shown to be an obstruction to a product structure.

Example 1.1 (Manifold with line but Ric < 0). Consider the hyperbolic plane H with its

standard metric ğ = (dx2 + dy2)/y2. Hyperbolic space is complete and simply connected, and

recall that geodesics take the form of semicircles whose centers lie on the x-axis, and vertical

rays of the form x ≡ c perpendicular to the x-axis. Let us focus on the latter.

Consider a vertical geodesic γ(t) parameterized by arc length, that is, it is unit speed.

Such a geodesic follows x ≡ c for some c ∈ R, hence dx = 0. Therefore our metric reduces to

the line element ds2 = dy2/y2, which we can take the square root of to get ds = dy/y (this is

well-defined since y > 0 in the upper half plane, so y = |y|). Since γ is unit-speed, we have

that ds = |γ′| dt = dt. Integrating the line element therefore gives

t =

∫
dt =

∫
ds =

∫
dy

y
= ln y + C,
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γ|[0,π+ε]

γ̃|[0,π−ε]

Figure 1. There does not exist a globally minimizing geodesic on the sphere
S2: following the blue geodesic γ starting at the point p is minimizing up until
the antipode −p of p, after which point it ceases to be minimizing; that is, γ
between p and q is not a minimizing geodesic. Instead, it is more efficient to
follow the red path γ̃, following the other way around the great circle.

and therefore y(t) = et. Notice that as t → −∞, y(t) → 0, and as t → ∞, y(t) → ∞. So,

γ(t) = (c, et) is defined for all t ∈ R. SinceH has constant sectional curvature sec = −1, we can

apply the Cartan-Hadamard Theorem (Theorem 12.8 in [Lee18]) to get that expp : TpM →M

is a global diffeomorphism for all p ∈M , hence between any two points there exists a unique

geodesic; therefore every geodesic segment of γ is minimizing, and so γ is indeed a line.

Since sec ≡ −1, Proposition 8.36 in [Lee18] says Ric(v, v) = −g(v, v) < 0. Suppose then

for the sake of contradiction that H splits. Then we can write H = (R×N, dt2⊕gN ) where N
is nontrivial. Suppose ∂t is the unit vector in the R-direction and X is a unit vector tangent

to N , and consider the plane Π = span{∂t, X}. Notice that ∇∂t∂t = ∇∂tX = ∇X∂t = 0, so

R(∂t, X)∂t = ∇∂t∇X∂t −∇X∇∂t∂t −∇[∂t,X]∂t

= ∇∂t0−∇X0−∇0∂t

= 0.

Therefore the sectional curvature is

sec(Π) =
⟨R(∂t, X)X, ∂t⟩

|∂t ∧X|2
=

⟨0, ∂t⟩
|∂t ∧X|2

= 0.

This contradicts the fact that H has constant sectional curvature of −1, so although this

manifold contains a line, it does not split.

Similarly, the existence of a globally minimal geodesic – a line – also feels like a loose

condition; however it can be helpful to consider how lines force noncompactness. Indeed, one

can consider the (compact) sphere and see that it is not a product.

Example 1.2 (Manifold with Ric ≥ 0 but no line). Consider the unit sphere S2 with the

round metric g̊; then the geodesics are great circles. Notice that for a point p ∈ S2, its cut

locus is the singleton set {−p}. In particular for t ∈ [0, π), the segment γ|[0,t] is minimizing.
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At t = π, we have that γ(p) = −p, the antipode of p. However, when t > π, the segment

γ|[0,t] is not minimizing, since it is now more efficient to go the other way around the great

circle to get from p to γ(t) – see Figure 1. This result means that not all segments of γ are

minimizing (the segments restricted to [0, t] with t > π), hence there are in fact no rays (nor

lines, necessarily) on S2.

Also, the sectional curvature of the sphere is identically 1, and Proposition 8.36 of [Lee18]

gives that Ric(v, v) = (2− 1)g(v, v) = g(v, v) > 0. Notice that S2 is compact; however if it

were to split as S2 ∼= M × R, this would be a non-compact manifold because of the R-factor.

Lastly, although clearly a product a priori, we can identify nonnegative Ricci curvature

and the existence of a line in the following example.

Example 1.3 (Manifold that splits). Consider the manifold M = S2
1 × R with the metric

g = g̊⊕dt2. Since RicM×N = RicM ⊕RicN , we have that RicS2
1×R = RicS2

1
+0 = gS2

1
≥ 0. Also,

if we fix p ∈ S2, then the curve γ(t) = (p, t) is a unit speed geodesic along the R-direction. It
is globally minimizing since for any s < t, we have d(γ(s), γ(t)) = |t− s| since we are just

moving along the R-direction, hence γ is a line. Certainly this splits.

In this writing milestone, we will showcase the original proof of Cheeger and Gromoll’s

splitting theorem from [CG71], which proceeds in three main stages: we will construct a

(harmonic) Busemann function, then we will show that its gradient is parallel via the Bochner

formula, and then we will use de Rham decomposition to obtain a global product structure.

In Section 2, we will build the analytic core of the result by proving some results about

Jacobi fields and the index form, from which we will derive the Laplacian comparison theorem

given a bound on Ricci curvature. We will then apply these results to the Busemann function

associated to a line on the manifold in Section 3, and in doing so, we will use an elliptic

regularity argument. In Section 4, we will derive Bochner’s formula, which will give that

gradient of the Busemann function (restricted to a ray of the line) is a parallel vector field.

Section 5 is dedicated to the local de Rham decomposition and its extension to a global

result, which we will apply to the parallel vector field found in Section 4 – in order to do so,

we introduce the theory of (tangent) distributions and their foliations. This will allow us to

complete the proof of the Cheeger-Gromoll theorem in Section 6, and we present consequences

of this result in Section 7.

Throughout this document, we write □ to denote the end of a proof, and ⋄ the end of a

sub-proof in the case of some of the larger theorems that we tackle that contain nontrivial

subclaims that don’t quite meet the criteria to be separate lemmas. We also denote the

space of vector fields on M as X (M), vector fields along a curve γ as X (γ), and normal

vector fields as X⊥(M); all vector fields are smooth. W k,p are Sobolev spaces, andW k,2 = Hk.

I am very grateful to Dr. Gabriel Paternain for his guidance and mentorship throughout

this project, and to Dr. Gunther Uhlmann for reviewing this manuscript.
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2. Jacobi Fields and Comparison Geometry

In this section, we will recall some of the theory of Jacobi fields and use it to derive

a Laplacian comparison estimate for the distance function given a lower bound on Ricci

curvature. Jacobi fields encode how geodesics spread, which allows us to convert bounds

on curvature into control on volume distortion and the second derivatives of distance. This

Laplacian estimate will prove useful in the proof of Cheeger-Gromoll, in which we apply it to

a modified distance function, a Busemann function.

2.1. Variations and Jacobi Fields. The underlying constructions behind Jacobi fields

are variations of curves. These are extremely useful tools, and will be used throughout this

exposition.

Definition 2.1. Let γ : [a, b] → M be a curve. A variation of γ is an admissible family

of curves Γ : I × [a, b] → M such that I is an open interval containing 0 and Γ0 = γ. The

variation is called proper if Γs(a) = γ(a) and Γs(b) = γ(b) for all s. If each of the main curves

Γs(t) are geodesics, then we say that Γ is a variation of γ through geodesics. We may omit

the words “of γ” when there is no ambiguity.

A variation of a curve Γ(s, t) can be thought of as a two-parameter family of curves, where

the first parameter s encodes how γ is perturbed, and t acts as the time variable. Note that

we refer to Γs(t) = Γ(s, t) as the main curves of the variation, and Γt(s) = Γ(s, t) as the

transverse curves of the variation. In most settings that we care about, the variation will

be through geodesics. In this case, we can use the following example as a mental picture of

what a variation might look like.

Example 2.2. One of the simplest variations through geodesics that we can construct uses

the exponential function. Let p ∈M and suppose v ∈ TpM is such that γ(t) := expp(tv) is a

geodesic. We can modify this to form a variation; let Γ(s, t) := expp(t(v + sw)). Notice that

at s = 0, γ(t) = Γ(0, t) = expp(tv).

For each fixed s, the main curve Γs(t) is a geodesic by definition of the exponential function,

with initial point Γ(s, 0) = p and initial velocity ∂tΓ(s, 0) = v+sw. Therefore, Γ is a variation

through geodesics.

Notice that s perturbs the initial velocity of the geodesic, and t acts as the time flow along

the geodesic, as illustrated in Figure 2.

Jacobi fields encode the infinitesimal behavior of variations through geodesics, and therefore

measure how nearby geodesics diverge. This is a notion intimately related to curvature, as

given by the following definition and proposition: Jacobi fields are exactly the variational

vector fields ∂sΓ of variations through geodesics.

Definition 2.3. The Jacobi equation along a geodesic γ is D2
t J +R(J, γ′)γ′ = 0, where J is

the variation field of a variation through geodesics. If a smooth vector field along a geodesic

satisfies this equation, we say it is a Jacobi field.

Proposition 2.4. Let γ : R → M be a geodesic and V : R → TM a vector field along

γ. Then V satisfies the Jacobi equation if and only if there exists a variation by geodesics
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p

Γ(s, t)

γ(t) = Γ(0, t)

Γ(−s, t)

Γs(t)

γ(t0)

J(t0)

Figure 2. A variation Γ(s, t) through the geodesic γ(t) for some fixed s. The
solid lines are main curves Γs(t), the dashed line is a transverse curve Γt(s),
and the red vector represents the valuation of the Jacobi field J at time t0.

Γ : (−ε, ε)× R →M where V (t) = ∂sΓs(t)|s=0 (that is, V (t) is the velocity of the transverse

curve at s = 0).

Proof. ( ⇐= ) First write D2
tV = D2

t (∂sΓs). Since the Levi-Civita connection is torsion-

free, D2
t (∂sΓs) = DtDs(∂tΓs). Via [Lee18] Proposition 7.5, this is equal to DsDt(∂tΓs) +

R(∂tΓ, ∂sΓ)∂tΓ. But, since this is a variation through geodesics, and so Γs is a geodesic; hence

Dt(∂tΓs) = 0 by the geodesic equation. Restricting to s = 0, we have that the curvature term

becomes R(γ′, V )γ′, hence D2
tV = R(γ′, V )γ′.

( =⇒ ) Suppose that V satisfies the Jacobi equation. Notice that the Jacobi equation is

a linear second order ODE, and so there exists a unique solution given initial conditions

J(0) and DtJ(0). We want to construct a variation by geodesics, and compare the initial

conditions of its variation field with V .

Take α : (−ε, ε) → M to be a curve with α′(0) = V (0), and let Z : (−ε, ε) → TM be

a vector field along α with Z(0) = γ′(0) and DsZ(0) = DtV (0). Then define Γ(s, t) =

expα(s)(tZ(s)), and denote J(t) = ∂sΓs(t)|s=0. Since V satisfies the Jacobi equation, and

since Γ is a variation through geodesics, J(t) must also be a Jacobi field via the backward

implication we already showed; we then must show that V and J have the same initial

conditions.

Indeed, notice

J(0) = ∂sΓ(0, 0) = ∂s|s=0 expα(s)(0) = α′(0) = V (0).

Also, since the Levi-Civita connection is torsion-free,

DtJ(0) = Ds∂tΓ(0, 0) = Ds∂t expα(s)(tZ(s))|s=t=0 = DsZ(0) = DtV (0).

Hence the initial conditions align, and we are done. □

This identification is well defined, as Jacobi fields are uniquely determined by their initial

conditions. As a result, we will later be able to construct explicit variations through geodesics,

and use them to induce information on curvature due to the Jacobi equation.
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Proposition 2.5. Suppose I ⊂ R is an interval, and γ : I →M is a geodesic, and we have

a ∈ I with p = γ(a). Then for every pair of vectors v, w ∈ TpM , there exists a unique Jacobi

field J along γ such that J(a) = v and DtJ(a) = w.

Proof. Take a parallel orthonormal frame {Ei} along γ, and write v = viEi(a) and w =

wiEi(a), and also γ′(t) = yi(t)Ei(t). We can also write an arbitrary vector field J ∈ X (γ) in

coordinates as J(t) = J i(t)Ei(t), and so the Jacobi equation becomes

J̈ i(t) +R i
jkl (γ(t))J

j(t)yk(t)yl(t) = 0,

which is a system of n second order linear ODEs for the n functions J i : I → R. We substitute

W i = J̇ i to make it a first order linear system of 2n functions:{
J̇ i = W i(t)

Ẇ i(t) = −R i
jkl (γ(t))J

j(t)yk(t)yl(t).

Then there exists a unique smooth solution on I with initial conditions J i(a) = vi and

W i(a) = wi. Since DtJ(a) = J̇ i(a)Ei(a) = W i(a)Ei(a) = w, the desired Jacobi field is

J(t) = J i(t)Ei(t). □

2.2. Second Variation and the Index Form. We want to be able to find a geodesic γ

such that among all curves connecting two points, γ has minimal length. To do such a thing,

we can appeal to the index form I(V, V ), which is defined on the space of normal vector fields

along a geodesic.

Definition 2.6 (Index form). Let γ : [a, b] →M be a geodesic segment. Then the symmetric

bilinear form I : X⊥(γ)×X⊥(γ) → R defined by

I(V,W ) =

∫ b

a

(⟨DtV,DtW ⟩ − Rm(V, γ′, γ′,W )) dt

is called the index form.

The index form is a quadratic form that can be used to show that a geodesic γ defined on

[0, r] is length minimizing by measuring how the length of a geodesic changes under nearby

variations. This follows from the following proposition, showing the connection between

length minimization and curvature.

Proposition 2.7. Let γ be a unit speed geodesic segment on [0, r], and let Γ be a proper

variation of γ. Then I(V, V ) = d2

ds2
|s=0Lg(Γs) for V ∈ X (γ).

Proof. By definition of the second variation,

d2

ds2

∣∣∣∣
s=0

Lg(Γs) =

∫ r

0

(
|DtV

⊥|2 − Rm(V ⊥, γ′, γ′, V ⊥)
)
dt,

and for normal vector fields V,W ∈ X⊥(γ), we have

I(V,W ) =

∫ r

0

(⟨DtV,DtW ⟩ − Rm(V, γ′, γ′,W )) dt.

Surely then for V = W (taken to be normal), the two expressions are equal. □
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The reason we care only about normal vector fields is because the geometry behind the

spreading or convergence of geodesics comes only from the directions normal to the geodesic,

and the Hessian of r is only nonzero on vectors orthogonal to ∇r, which we will see later. That

is to say, the comparison theorem that we build up to in this chapter is inherently a statement

on the directions transverse to ∇r, which by the first variation formula coincides with γ′,

which we show in Lemma 2.17. Further, a vector field with a tangential component would

decompose as V = V ⊥ + ⟨V, γ′⟩γ′, and the tangential terms would create extra information

that is unnecessary, complicating the typical assumption that γ is a unit speed geodesic.

We now give various properties of the index form as it relates to Jacobi fields and proper

vector fields. Throughout, take γ to be a geodesic.

Proposition 2.8. The index form is bilinear and symmetric.

Proof. For symmetry, fix some geodesic γ and take V,W ∈ X⊥(γ). We have the following

identity due to the symmetries of the curvature tensor:

Rm(V, γ′, γ′,W ) = −Rm(γ′, V, γ′,W ) = Rm(γ′, V,W, γ′) = Rm(W, γ′, γ′, V ).

By this identity and the symmetry of inner products,

I(V,W ) =

∫ r

0

(⟨DtV,DtW ⟩ − Rm(V, γ′, γ′,W )) dt

=

∫ r

0

(⟨DtW,DtV ⟩ − Rm(W, γ′, γ′, V )) dt

= I(W,V ).

For bilinearity, we check that I(aV1 + bV2,W ) = aI(V1,W ) + bI(V2,W ). This follows from

the linearity of the covariant derivative along a curve, as well as the C∞-multilinearity of the

Riemann curvature tensor:

I(aV1 + bV2,W ) =

∫ r

0

⟨Dt(aV1 + bV2), DtW ⟩+Rm(aV1 + bV2, γ
′, γ′,W ) dt

=

∫ r

0

⟨aDt(V1) + bDt(V2), DtW ⟩+ aRm(V1, γ
′, γ′,W ) + bRm(V2, γ

′, γ′,W ) dt

=

∫ r

0

a⟨DtV1, DtW ⟩+ b⟨DtV2, DtW ⟩+ aRm(V1, γ
′, γ′,W ) + bRm(V2, γ

′, γ′,W ) dt

=

∫ r

0

a⟨DtV1, DtW ⟩+ aRm(V1, γ
′, γ′,W ) dt

+

∫ r

0

b⟨DtV2, DtW ⟩+ bRm(V2, γ
′, γ′,W ) dt

= aI(V1,W ) + bI(V2,W ).

Showing linearity in the second slot follows identically as the first. □

We can consider the index form I as a quadratic functional defined on X⊥(γ), mapping

V 7→ I(V, V ). We say that V ∈ X⊥(γ) is a critical point of I(V, V ) if its first variation
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vanishes in every admissible direction W ∈ X⊥(γ), that is d
dε
|ε=0I(V + εW, V + εW ) = 0.

The following proposition gives an alternate condition.

Proposition 2.9. V ∈ X⊥(γ) is a critical point of I(V, V ) if and only if I(V,W ) = 0 for all

admissible W ∈ X⊥(γ) with the same endpoints.

Proof. ( =⇒ ) Suppose that V is a critical point of I. Then d
dε
|ε=0I(V + εW, V + εW ) = 0

for all admissible W . We can expand the left hand side as

I(V + εW, V + εW ) = I(V, V ) + εI(W,V ) + εI(V,W ) + ε2I(W,W )

= I(V, V ) + ε(I(W,V ) + I(V,W )) + ε2I(W,W )

= I(V, V ) + 2εI(V,W ) + ε2I(W,W ),

where the last equality comes from Proposition 2.8. Differentiating with respect to ε gives

d

dε
I(V + εW, V + εW ) = 2I(V,W ) + 2εI(W,W ),

and evaluation at zero gives d
dε
|ε=0I(V + εW, V + εW ) = 2I(V,W ), and by assumption this

is equal to 0 when V is a critical point. Certainly then if 2I(V,W ) = 0, then I(V,W ) = 0.

( ⇐= ) Next, fix W and suppose that I(V,W ) = 0. Since d
dε
|ε=0I(V + εW, V + εW ) =

2I(V,W ), this assumption gives that the derivative is zero, hence V is a critical point. □

The following lemma gives an alternate expression for the index form, which comes in

handy in some of the following propositions. By writing I(V,W ) with a D2
tV term, it will

be much easier to substitute curvature terms in accordance to the Jacobi equation into the

index form.

Lemma 2.10. Let γ : [a, b] → M be a geodesic segment. Then for every pair of smooth

vector fields V and W along γ,

I(V,W ) = ⟨DtV,W ⟩
∣∣∣∣b
a

−
∫ b

a

⟨D2
tV +R(V, γ′)γ′,W ⟩ dt.

Proof. By the product rule, d
dt
⟨DtV,W ⟩ = ⟨D2

tV,W ⟩+ ⟨DtV,DtW ⟩. After rearranging, the
fundamental theorem of calculus gives∫ b

a

⟨DtV,DtW ⟩ dt = ⟨DtV,W ⟩
∣∣∣∣b
a

−
∫ b

a

⟨D2
tV,W ⟩ dt.

□

Proposition 2.11. I(J,W ) = 0 for all admissible, normal, proper W ∈ X⊥(γ) if and only if

J is a Jacobi field.

Proof. ( ⇐= ) Suppose J is Jacobi. Then integrating the first term in the index form by

parts as in Lemma 2.10, we see∫ r

0

⟨DtJ,DtW ⟩ dt = ⟨DtJ,W ⟩
∣∣∣∣r
0

−
∫ r

0

⟨D2
t J,W ⟩ dt.
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Since W is proper, the first term vanishes since W (0) = W (r) = 0. By linearity and by the

Jacobi equation,

I(J,W ) = −
∫ r

0

⟨D2
t J,W ⟩ dt−

∫ r

0

Rm(J, γ′, γ′,W ) dt

= −
∫ r

0

⟨D2
t J,W ⟩ dt−

∫ r

0

⟨R(J, γ′)γ′,W ⟩ dt

= −
∫ r

0

⟨D2
t J +R(J, γ′)γ′,W ⟩ dt

= −
∫ r

0

⟨0,W ⟩ dt

= 0.

( =⇒ ) Conversely, suppose that I(J,W ) = 0 for arbitrary W . Then

I(J,W ) = −
∫ r

0

⟨D2
t J +R(J, γ′)γ′,W ⟩ dt = 0.

But if this integral is 0, this means that the inner product must be 0, but since W is arbitrary,

we must have D2
t J +R(J, γ′)γ′ = 0, hence J is Jacobi. □

Proposition 2.12. Take p, q ∈M , and γ to be a unit speed geodesic segment on [p, q] that

has an interior conjugate point. Then there exists a proper V ∈ X⊥(γ) such that I(V, V ) < 0.

Proof. Suppose γ : [a, c] →M is a unit speed geodesic segment, and γ(b) is conjugate to γ(a)

along γ for some b ∈ (a, c). Therefore there exists a nontrivial normal Jacobi field J along γ

that vanishes at t = a and t = b. If we define a vector field V along γ as

V (t) =

{
J(t) t ∈ [a, b],

0 t ∈ [b, c],

then this is a proper, normal, piecewise smooth vector field along γ. Notice that since this is

just piecewise smooth, the derivative DtV has a discontinuity at t = b. In particular, define

the “jump” of DtV at t = b to be

δDtV := DtV (b+)−DtV (b−) = 0−DtJ(b) = −DtJ(b).

This must be nonzero, because otherwise J would be a Jacobi field satisfying J(b) = DtJ(b) =

0, and thus would be identically 0.

Now suppose W is a smooth proper normal vector field along γ such that W (b) is equal

to δDtV at t = b. We can construct such a W by taking a smooth orthonormal frame

(E1(t), ..., En−1(t), γ
′(t)) along γ by parallel transporting the basis of Tγ(a)M along γ, and

writing the vector

−DtJ(b) =
n−1∑
i=1

⟨−DtJ(b), Ei(b)⟩ · Ei(b).
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To smooth this out, consider the smooth bump function φ : [a, c] → [0, 1] defined by φ(a) = 0,

φ(b) = 1, and φ(c) = 0, and then we can define

W (t) = φ(t)
n−1∑
i=1

⟨−DtJ(b), Ei(b)⟩ · Ei(t).

For a small ε > 0, let Xε = V + εW . Then

I(Xε, Xε) = I(V + εW, V + εW ) = I(V, V ) + 2εI(V,W ) + ε2I(W,W ).

Since V satisfies the Jacobi equation on both [a, b] and [b, c], and since V (b) = 0, Lemma 2.10

gives that I(V, V ) = −⟨δDtV, V (b)⟩ = 0 and I(V,W ) = −⟨δDtV,W (b)⟩ = −|W (b)|2. There-
fore

I(Xε, Xε) = −2ε|W (b)|2 + ε2I(W,W ) = ε(−2|W (b)|2 + εI(W,W )).

Taking ε small enough gives that this is strictly negative as desired. □

We have established that a Jacobi field J is both a critical point of the index form, and also

that the index form of a proper Jacobi field is 0. If we consider the additional requirement that

our geodesic contains no conjugate points (which is a logical constraint to make, considering

in the context of this document: the geodesic of study is a line), then this means that the

index form is in fact minimized when its input is a Jacobi field, due to the following.

Theorem 2.13. Let γ : [0, r] → M be a unit speed geodesic segment without conjugate

points, and let V be any normal smooth vector field along γ with endpoints V (0) = 0 and

V (r) = v ∈ γ′(r)⊥. If J is the unique (Proposition 2.5) normal Jacobi field along γ with the

same endpoints as V , then I(J, J) ≤ I(V, V ) for all V ∈ X⊥(γ), where equality holds if and

only if V is Jacobi.

Proof. We are claiming that for every proper V ∈ X⊥(γ), where γ contains no conjugate

points, I(V, V ) ≥ I(J, J) for J a proper Jacobi field, with equality if and only if V ≡ J . Fix

V , and set W = V − J . Since V and J have the same endpoints, W (0) = V (0)− J(0) = 0

and W (r) = V (r)− J(r) = 0, hence W is proper. By Proposition 2.8,

I(V, V ) = I(J +W,J +W ) = I(J, J) + 2I(J,W ) + I(W,W ).

To show the claim, we want to show that I(J,W ) = 0 and I(W,W ) ≥ 0 for proper W .

To show I(J,W ) = 0, we differentiate as follows:

d

dt
⟨DtJ,W ⟩ = ⟨D2

t J,W ⟩+ ⟨DtJ,DtW ⟩.

Integrating the second term,∫ r

0

⟨DtJ,DtW ⟩ dt = ⟨DtJ,W ⟩
∣∣∣∣r
0

−
∫ r

0

⟨D2
t J,W ⟩ dt.

The first term is 0 since W is proper, and therefore

I(J,W ) =

∫ r

0

⟨DtJ,DtW ⟩ −R(J, γ′, γ′,W ) dt



11

=

∫ r

0

⟨DtJ,DtW ⟩ dt−
∫ r

0

⟨R(J, γ′)γ′,W ⟩ dt

= −
∫ r

0

⟨D2
t J,W ⟩ −

∫ r

0

⟨R(J, γ′)γ′,W ⟩ dt

= −
∫ r

0

⟨D2
t J −R(J, γ′)γ′,W ⟩ dt.

Since J is Jacobi, the inner product is 0. Therefore I(V, V ) = I(J, J) + I(W,W ).

By Proposition 2.12, I(W,W ) < 0 if there exists a conjugate point along the geodesic.

But γ has no conjugate points and so I(W,W ) ≥ 0 by contraposition. Hence I(V, V ) =

I(J, J) + I(W,W ) ≥ I(J, J). □

2.3. Laplacian Comparison for Nonnegative Ricci Curvature. As we have seen, the

index form provides a way to connect information about vector fields (more specifically, Jacobi

fields) to the Riemann curvature tensor. To get towards the heart of the Cheeger-Gromoll

theorem, we want to relate the index form to Ricci curvature. In this section, we will make

this connection, and also see how the index form of Jacobi fields relates to the Laplacian of the

distance function. Namely, the remainder of Section 2 is dedicated to proving Theorem 2.18.

Definition 2.14. For each c ∈ R, let us define a function sc : R → R by

sc(t) =


t if c = 0,

R sin(t/R) if c = 1/R2 > 0,

R sinh(t/R) if c = −1/R2 < 0.

We interpret c as being the constant sectional curvature of some space. For the purposes of

the comparison theorem that we need to show the Cheeger-Gromoll splitting theorem, we

want to compare against Euclidean space, which has constant curvature c = 0. This function

then allows for Jacobi fields to be written as follows.

Proposition 2.15. If M has constant sectional curvature c, and γ is a unit speed geodesic,

then the normal Jacobi fields along γ that vanish at t = 0 are of the form J(t) = ksc(t)E(t),

where E is a parallel unit normal vector field along γ and k is an arbitrary constant.

Corollary 2.16. In a manifold of constant sectional curvature c, the Jacobi equation is

(ksc)
′′ + c(ksc) = 0.

Proof. By the above proposition, we have that J(t) = ksc(t)E(t). Since E is a parallel unit

normal vector field, D2
t J(t) = (ksc(t))

′′E(t). Also by Proposition 8.36 in [Lee18],

R(kscE, γ
′)γ′ = c(⟨γ′, γ′⟩kscE − ⟨kscE, γ′⟩γ′) = ckscE.

Therefore the Jacobi equation becomes (ksc)
′′ + c(ksc) = 0. □

The following lemma is the remaining piece needed to prove the desired Laplacian compar-

ison theorem, which immediately follows.
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Lemma 2.17. Let r(x) = d(p, x) be the radial distance function in a normal neighborhood

of the point p, and let γ : [0, r] →M be the unique unit speed minimizing geodesic from p to

x with γ(0) = p and γ(r) = x. Then ∇r(x) = γ′(r).

Proof. By definition of the gradient, we want to show that drx(v) = ⟨γ′(r), v⟩ for all v ∈ TpM .

Fix v ∈ TxM , and let σ : (−ε, ε) →M be a smooth curve with σ(0) = x and σ′(0) = v. Then

we can define f(s) = r(σ(s)) = d(p, σ(s)), so that by construction, drx(v) = f ′(0).

Consider now the variation through geodesics Γ(s, t) = γs(t) with 0 ≤ t ≤ f(s), where each

γs is a unit speed geodesic. Let T = ∂tΓ and S = ∂sΓ; then |T | = 1 and Γ(s, f(s)) = σ(s).

The first variation formula for length gives

d

ds
L(γs)

∣∣∣∣
s=0

= ⟨S(0, r), T (0, r)⟩ − ⟨S(0, 0), T (0, 0)⟩+
∫ r

0

⟨∇tT, S⟩ dt.

Since L(γs) = f(s), the left hand side is f ′(0). Since the γs are geodesics, ∇tT = 0, so the

integral term is 0. Since the base point is fixed, Γ(s, 0) = p for all s, and so S(0, 0) = 0,

so the second term is 0. At the endpoint, Γ(s, f(s)) = σ(s), and so differentiating at s = 0

gives S(0, r) = σ′(0) = v. Since γ0 = γ, we also have that T (0, r) = γ′(r). Therefore the first

variation formula reduces to f ′(0) = ⟨v, γ′(r)⟩. But f ′(0) = drx(v), so we are done. □

Theorem 2.18 (Laplacian Comparison). Suppose Ric(v, v) ≥ (n − 1)c for some c ∈ R
for all unit vectors v, and suppose M contains a line. Given any p ∈ M , take U to be a

normal neighborhood of p, and let r be the radial distance function from p on U . Then

∆r ≤ (n− 1)s′c(r)/sc(r) holds on U \ {p}.

Proof. Let γ be a line. Then it is globally minimizing, and so it has no conjugate points on

[0, r] for any r. Therefore I(W,W ) ≥ 0 for any proper W ∈ X⊥(γ) by Theorem 2.13. We

can pick an orthonormal frame {E1(0), ..., En−1(0)} ⊂ γ̇(0)⊥, and extend this via parallel

transport to get a frame {Ei(t)} for each t. Necessarily, DtEi = 0 since the Ei are parallel,

and Ei(t) ⊥ γ̇. With this, define the vector fields Wi(t) = φ(t)Ei(t), where φ is a scalar

function such that φ(0) = 0 and φ(r) = 1. The Wi are normal by construction, and are such

that Wi(0) = 0 and Wi(r) = Ei(r).

Since the Ei are parallel, DtWi = φ′(t)Ei(t), and by orthonormality, |DtWi|2 = (φ′)2. By

linearity of the curvature endomorphism, ⟨R(Wi, γ
′)γ′,Wi⟩ = φ2⟨R(Ei, γ

′)γ′, Ei⟩. Therefore
we can write the index form as

I(Wi,Wi) =

∫ r

0

(
(φ′)2 − φ2⟨R(Ei, γ

′)γ′, Ei⟩
)
dt,

and summing over i, we see the appearance of Ricci curvature:

n−1∑
i=1

I(Wi,Wi) =

∫ r

0

(
n−1∑
i=1

(φ′)2 −
n−1∑
i=1

φ2⟨R(Ei, γ
′)γ′, Ei⟩

)
dt

=

∫ r

0

(
(n− 1)(φ′)2 − φ2Ric(γ′, γ′)

)
dt.

Since each I(Wi,Wi) is nonnegative by Proposition 2.12 and Theorem 2.13, this expression

is nonnegative. For a stronger bound that will eventually yield the Laplacian, we can bound
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the I(Wi,Wi) below by the index form of the unique Jacobi field Ji with the same endpoints

as Wi by Theorem 2.13, and if we introduce the bound Ric ≥ (n− 1)c (where in our context

we take c = 0 to get the hypothesis Ric ≥ 0), we get

0 ≤
n−1∑
i=1

I(Ji, Ji) ≤
n−1∑
i=1

I(Wi,Wi) ≤ (n− 1)

∫ r

0

(
(φ′)2 − cφ2

)
dt.

To evaluate this integral in a meaningful way, we want to assign a value to φ. To do so,

consider the function sc as in Definition 2.14. Pick φ(t) = sc(t)/sc(r) (that is, φ(t) = ksc(t)

with k = 1/sc(r)), or in the (Euclidean) case that we will care about, we can specify to

φ(t) = t/r. Therefore φ(0) = 0 and φ(r) = 1, satisfying the properties we used to define the

Wi. Now, fix a vector v ∈ γ̇(r)⊥, and take J to be the unique Jacobi field with J(0) = 0

and J(r) = v. Among all vector fields W with W (0) = 0 and W (r) = v, the Jacobi field

minimizes the index form as shown in Theorem 2.13 for the case that we have no conjugate

points since we are taking γ to be a line.

By Corollary 2.16, φ′′ + cφ = 0, hence φ′′ = −cφ. Then
d

dt
(φφ′) = (φ′)2 + φφ′′ = (φ′)2 − cφ2.

Integrating, we have∫ r

0

((φ′)2 − cφ2) dt = [φφ′]r0 = φ(r)φ′(r)− φ(0)φ′(0) = φ′(r) =
s′c(r)

sc(r)
,

since φ(0) = 0 and φ(r) = 1 by definition. So,
∑n−1

i=1 I(Ji, Ji) ≤ (n− 1)s′c(r)/sc(r).

It remains to show that ∆r =
∑n−1

i=1 I(Ji, Ji). Since γ is a line, Jacobi fields are not

proper on any segment γ|[0,r]. In particular, we have the boundary conditions Ji(0) = 0 and

Ji(r) = Ei(r) on the segment γ|[0,r].
We want to build a variation whose variation field is Ji. Away from the cut locus of

γ(0), the exponential map is a diffeomorphism in a neighborhood of the vector rγ′(0). In

particular, we can choose initial velocities v(0) = γ′(0) and v(s) ∈ TpM with |v(s)| = 1 such

that x(s) := expp(rv(s)) has initial conditions x(0) = γ(r) and x′(0) = Ei(r). Then we can

define the variation Γi(s, t) := expp(tv(s)) for t ∈ [0, r]. Γi is such that Γi
s(t) is a unit speed

geodesic from γ(0) to x(s), Γi
0(t) = γ(t), and the variation field is Ji(t) := ∂sΓ

i(t)|s=0; this Ji
is a Jacobi field by Proposition 2.4, and it has endpoints Ji(0) = 0 and Ji(r) = x′(0) = Ei(r).

Along γ|(0,r] we have ∇r(γ(r)) = γ′(r) by Lemma 2.17. By definition of the Hessian,

Hess f(V, V ) = ⟨∇V (∇f), V ⟩. Applying this to the radial distance function along the vector

field Ei(r),

Hess r(Ei(r), Ei(r)) = ⟨∇Ei(r)(∇r), Ei(r)⟩ = ⟨∇Ei(r)γ
′, Ei(r)⟩.

Define the vector fields T i = ∂Γi/∂t and Si = ∂Γi/∂s. Evaluating at (s, t) = (0, r) gives

T i(0, r) = γ′(r) and Si(0, r) = Ji(r) = Ei(r), and also ∇T iSi|s=0 = DtJi(r) by definition.

Since the Levi-Civita connection is torsion-free, ∇∂s∂t = ∇∂t∂s, hence ∇Si(0,r)T
i(0, r) =

∇T i(0,r)S
i(0, r), equivalently ∇Ji(r)γ

′(r) = DtJi(r). Thus ∇Ei(r)γ
′(r) = DtJi(r) since Ji(r) =
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Ei(r). Therefore,

Hess r(Ei(r), Ei(r)) = ⟨∇Ei(r)γ
′, Ei(r)⟩ = ⟨DtJi(r), Ei(r)⟩.

This gives the desired result. Indeed, recall that d
dt
⟨X, Y ⟩ = ⟨DtX, Y ⟩ + ⟨X,DtY ⟩. Hence

d
dt
⟨DtJi, Ji⟩ = |DtJi|2 + ⟨D2

t Ji, Ji⟩. Since Ji is Jacobi, D2
t Ji = −R(Ji, γ′)γ′, and so

I(Ji, Ji) =

∫ r

0

|DtJi|2 − ⟨R(Ji, γ′)γ′, Ji⟩ dt

=

∫ r

0

|DtJi|2 + ⟨D2
t Ji, Ji⟩ dt

=

∫ r

0

d

dt
⟨DtJi, Ji⟩ dt

= ⟨DtJi(r), Ji(r)⟩ − ⟨DtJi(0), Ji(0)⟩
= ⟨DtJi(r), Ji(r)⟩
= ⟨DtJi(r), Ei(r)⟩.

Finally, we see Hess r(Ei(r), Ei(r)) = I(Ji, Ji). Taking a sum, we achieve the comparison:

∆r =
n−1∑
i=1

Hess r(Ei(r), Ei(r)) =
n−1∑
i=1

I(Ji, Ji) ≤ (n− 1)
s′c(r)

sc(r)
.

□

3. Busemann Functions and Elliptic Regularity

3.1. Rays and Lines. Suppose M is a complete Riemannian manifold. Recall that complete

in this sense has dual meanings, as given by the Hopf-Rinow Theorem: M is geodesically

complete (i.e., every maximal geodesic is defined on all of R), and M is complete as a metric

space under the Riemannian distance function, and these two “completenesses” coincide.

Definition 3.1. A ray (resp. line) in M is a geodesic γ : [0,∞) → M (resp. γ : R → M)

such that each segment of γ is minimal.

The condition regarding minimality feels clear, however the following example will demon-

strate how this is in fact a rather restrictive condition, and is closely tied to the idea of

conjugate points and cut loci.

Example 3.2. Consider the infinite cylinder S1 × R, which has geodesics defined along the

R-direction, as well as geodesics that wrap around S1 (viewed projectively) and are helix

shaped, with “tightness” of the coil determined by the amount of the R component in the

initial velocity vector. Recall that geodesics are locally length minimizing; lines, however,

are geodesics that are globally minimizing. Hence the only lines in the cylinder are those

that have no S1 component, that is, they can be expressed as γθ(x) = tx as t varies in R.
To see how this fails for other (helicoid) geodesics, consider a helix passing through points

p = (θ, z1) and q = (θ, z2). Certainly this helix is not length minimizing, since we can take

the vertical line along the angle θ.



15

Another picture to have in mind is Figure 1 and Example 1.2 from the introduction. Notice

too the important fact about how rays and lines have a strong impact on the global topology

of the manifold.

Proposition 3.3. A ray exists on a complete manifold M if and only if M is not compact.

Proof. ( =⇒ ) Suppose that γ : [0,∞) → M is a ray, and for the sake of contradiction,

suppose M is compact. Then γ([0,∞)) ⊂M is an infinite subset of a compact space, and so

there exist {tn} tending to ∞ as n→ ∞ such that {γ(tn)} contains a subsequence {γ(tnk
)}

converging to some p ∈M as k → ∞. In particular, d(γ(tnk
), γ(tnℓ

)) → 0 as k, ℓ→ ∞.

However, since γ is a ray, we have that d(γ(tnk
), γ(tnℓ

)) = |tnk
− tnℓ

|. Since the sequence

{tnk
} is unbounded, we can choose k, ℓ such that |tnk

− tnℓ
| > ε, giving a contradiction. Hence

M must be noncompact.

( ⇐= ) Fix p ∈M . Since M is not compact, there does not exist a closed ball that contains

M ; that is, for each k ∈ N, there exists a point qk ∈M such that d(p, qk) ≥ k. Also since M

is complete, the closed and bounded sets are compact, and so for each k, Bk(p) is compact.

Consider the function f(x) = d(p, x) on Bk(p). Since the ball is compact, f attains its

maximum at some xk ∈ Bk(p), hence d(p, xk) = k. By Hopf-Rinow, there exists a minimizing

unit speed geodesic γk : [0, k] →M from p to xk, that is, γk(0) = p and γk(k) = xk, and for

all s < t between 0 and k, we have d(γk(s), γk(t)) = t− s.

Define the initial unit tangent vectors {vk} = {γ′k(0)} ⊂ SpM . Since SpM is compact, there

exists a subsequence {vkj} ⊂ SpM and a unit vector v such that vkj → v ∈ SpM ⊂ TpM .

If we define γ : [0,∞) → M to be the geodesic γ(t) = expp(tv) (which is defined for all

t ≥ 0 by completeness), then this is the ray that we are looking for. Indeed, if we fix s < t,

then for all k ≥ t, we have that γk is minimizing on [s, t]. Therefore d(γk(s), γk(t)) = t− s.

Since [0, t] is compact, γk → γ uniformly, and so γk(s) → γ(s) and γk(t) → γ(t). Therefore

d(γ(s), γ(t)) = limk→∞ d(γk(s), γk(t)) = t− s as desired. □

3.2. Busemann Functions. Given a ray γ : [0,∞) →M , we would like a way to measure

how far a point x ∈M is from “infinity” along γ. The object that will allow us to do this is

the Busemann function, the main geometric object of interest in the proof of Cheeger-Gromoll.

When γ is a line, we will find that the Busemann function is harmonic, inducing rigidity

on the geometry of its gradient. In this subsection, we prove basic properties of Busemann

functions.

Lemma 3.4. The function f(x) = d(x, p) is 1-Lipschitz, hence continuous.

Proof. Take arbitrary x, y ∈ M and fix p ∈ M . The triangle inequality gives d(x, p) ≤
d(x, y) + d(y, p), hence d(x, p) − d(y, p) ≤ d(x, y). If we swap x and y, we also have that

d(y, p) − d(x, p) ≤ d(y, x) = d(x, y), and therefore |d(x, p) − d(y, p)| ≤ d(x, y). If we let

f(x) = d(x, p), then we see that f is 1-Lipschitz, hence continuous: |d(x, γ(t))− d(y, γ(t))| =
|f(x)− f(y)| ≤ |x− y|. □

Definition 3.5. For each ray γ : [0,∞) →M , define the function gt(x) = d(x, γ(t))− t for

t ≥ 0.
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Proposition 3.6. The function gt(x) is decreasing and bounded below with respect to t.

Proof. Suppose that t < s, and let γ be the ray associated with gt. Then the triangle

inequality gives that

d(x, γ(s)) ≤ d(x, γ(t)) + d(γ(t), γ(s)) = d(x, γ(t)) + (s− t),

since γ is minimizing and unit speed. Rearranging, we have

gs(x) = d(x, γ(s))− s ≤ d(x, γ(t))− t = gt(x).

Therefore for fixed x, the function gt(x) is decreasing with respect to t.

Next, we claim gt is bounded below by −d(x, γ(0)) with respect to t. Fix x ∈M , and note

that the triangle inequality gives that d(γ(0), γ(t))− d(x, γ(0)) ≤ d(x, γ(t)) after rearrange-

ment. Since γ is a unit speed ray, the segment γ|[0,t] is minimizing, hence d(γ(0), γ(t)) = t.

Plugging in to the earlier inequality and rearranging gives that d(x, γ(t))− t ≥ −d(x, γ(0));
the left hand side is precisely gt(x). □

Proposition 3.7. The family {gt} is uniformly equicontinuous.

Proof. If we set p = γ(t) and apply Lemma 3.4, we get that gt is 1-Lipschitz, hence continuous.

Fixing ε > 0, take δ = ε. Then for all t ≥ 0 and points x, y such that d(x, y) < δ, we have that

by the Lipschitz condition |gt(x)−gt(y)| < δ = ε. Hence {gt} is uniformly equicontinuous. □

Definition 3.8. We define the Busemann function of γ to be gγ = limt→∞ gt.

Proposition 3.9. The functions gt converge uniformly on compact sets to gγ as t→ ∞.

Proof. Let K ⊂ M be compact, and consider the restrictions gt : K → R. Since {gt}
is uniformly equicontinuous by Proposition 3.7, it is both equicontinuous and uniformly

bounded. An application of Arzelà-Ascoli gives that for any sequence tn → ∞, there exists a

subsequence tnk
and a continuous function h : K → R such that gtnk

→ h uniformly on K.

Recall that gt is bounded below via Proposition 3.6; we can make this uniform by taking a

supremum:

C := − sup
x∈K

d(x, γ(0)) ≤ −d(x, γ(0) ≤ gt(x).

Therefore for each x, the limit gγ(x) = limt→∞ gt(x) = inft≥0 gt(x) is finite, thus exists, by the

monotone convergence theorem for sequences. If we take the subsequence gtnk
that converges

uniformly to h on K, we have that for each x ∈ K, h(x) = limk→∞ gtnk
(x) since uniform

convergence implies pointwise convergence. But {gt(x)} is monotonically decreasing with

respect to t (see Proposition 3.6) and has limit gγ(x), and so every sequence tnk
→ ∞ satisfies

gγ(x) = limk→∞ gtnk
(x). Therefore h = gγ pointwise on K.

Finally, we want to show that the family {gt} converges uniformly on K. However this is

immediate via Dini’s theorem, which states that if K is a compact set and gt, gγ ∈ C(K) are

such that gt → gγ monotonically, then gt → gγ uniformly. □

Proposition 3.10. Busemann functions are 1-Lipschitz.
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Proof. We have already shown that gt is 1-Lipschitz via a simple modification of Lemma 3.4.

Now for any x, y ∈M , we have

|gγ(x)− gγ(y)| =
∣∣∣ lim
t→∞

gt(x)− lim
t→∞

gt(y)
∣∣∣ = ∣∣∣ lim

t→∞
(gt(x)− gt(y))

∣∣∣ .
Since | limα| ≤ lim sup |α|,

|gγ(x)− gγ(y)| ≤ lim sup
t→∞

|gt(x)− gt(y)| ≤ lim sup
t→∞

d(x, y) = d(x, y).

Therefore the Busemann function gγ is 1-Lipschitz. □

Example 3.11. Consider the hyperbolic plane H and consider the ray γ(t) = (0, et) starting

at the point (x, y) = (0, 1) and going straight up; since this is parameterized by arc length as

in Example 1.1, d((0, 1), (0, et)) = t in the hyperbolic metric. Recall then that in this case,

gγ(x, y) = limt→∞(d((x, y), (x, et))− t). To compute the distance between (x, y) and (x, et),

note that ds = dy/y (since y > 0), we have (after setting x = 0 without loss of generality)

d((0, y), (0, et)) =

∫ et

y

dy

y
= ln(et)− ln(y) = t− ln(y).

Therefore, gγ(x, y) = limt→∞(t− ln(y))− t = − ln y.

Lemma 3.12. Fix p ∈ M , let σ : [0, ℓ] → M be a minimizing geodesic from some x to p

with initial velocity w = σ′(0), and fix u ∈ TpM . Then

lim sup
s↘0

d(expx(su), p)− d(x, p)

s
≤ −⟨u,w⟩.

Proof. Let α : (−ε, ε) →M defined by α(s) = expx(su) be a variational curve where u ∈ TxM ,

and take a smooth vector field J along σ such that J(0) = u and J(ℓ) = 0. Using J , we can

define the variation Γ(s, t) = expσ(t)(sJ(t)). Then Γ(0, t) = σ(t), Γ(s, 0) = expx(su) = α(s),

and Γ(s, ℓ) = expp(0) = p. So for each fixed s, the curve Γs(t) connects α(s) to p, hence

d(α(s), p) ≤ Lg(Γs). Since Lg(Γ0) = Lg(σ) = d(x, p), we have

d(α(s), p)− d(x, p)

s
≤ Lg(Γs)− Lg(Γ0)

s
.

Taking lim sup gives

lim sup
s↘0

d(α(s), p)− d(x, p)

s
≤ d

ds

∣∣∣∣
s=0

Lg(Γs)

=

〈
∂Γ

∂s
(0, ℓ), σ′(ℓ)

〉
−
〈
∂Γ

∂s
(0, 0), σ′(0)

〉
= −⟨u,w⟩,

where the first equality comes from the first variation formula, and the second equality is

because J(ℓ) = 0 and J(0) = u. □

Proposition 3.13. If gγ is a Busemann function, then |∇gγ| = 1 almost everywhere.

Proof. By Proposition 3.10, gγ is 1-Lipschitz. Rademacher’s theorem states that a Lipschitz

function is differentiable almost everywhere, and the differential is bounded by the Lipschitz
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constant. In particular, we have that ∥d(gγ)x∥ ≤ 1, where ∥ · ∥ is the operator norm. By

definition of the gradient, dgγ(v) = ⟨∇gγ, v⟩, hence

∥d(gγ)x∥ = sup
|v|=1

|d(gγ)x(v)| = sup
|v|=1

|⟨∇gγ(x), v⟩| = |∇gγ(x)|.

Therefore |∇gγ| ≤ 1 a.e.

For the other inequality, fix a point x ∈ M at which gγ is differentiable. For each t > 0,

take a minimizing unit-speed geodesic σt : [0, ℓt] → M from x to γ(t) such that σt(0) = x,

σt(ℓt) = γ(t), and ℓt = d(x, γ(t)). Let vt := σ′
t(0) ∈ TpM ; this is a unit vector. Since

SxM ⊂ TxM is compact, there exists a subsequence {vtj} of {vt} such that vtj → v ∈ TxM .

For each j, let pj := γ(tj) be the target point, let σtj : [0, ℓtj ] → M be a minimizing

geodesic from x to pj, let vtj := σ′
tj
(0) be the initial direction, and let u := v. Applying

Lemma 3.12 yields

lim sup
s↘0

d(expx(sv), γ(tj))− d(x, γ(tj))

s
≤ −⟨v, vtj⟩.

Since gtj (y) = d(y, γ(tj))− tj , subtracting the constant tj does not effect the difference in the

quotient, and so

lim sup
s↘0

gtj(expx(sv))− gtj(x)

s
≤ −⟨v, vtj⟩.

We now want to pass to the limit as j → ∞. Fix s > 0; since gtj → gγ pointwise (uniformly,

in fact),

gtj(expx(sv))− gtj(x)

s
→ gγ(expx(sv))− gγ(x)

s
.

Also, since vtj → v, we have ⟨v, vtj⟩ → ⟨v, v⟩ = 1. Hence

lim sup
s↘0

gγ(expx(sv))− gγ(x)

s
≤ −1.

Since gγ is differentiable at x, the left hand side is equal to the directional derivative

Dvgγ(x) = ⟨∇gγ(x), v⟩, hence ⟨∇gγ(x), v⟩ ≤ −1. Applying Cauchy-Schwarz gives

1 ≤ |⟨∇gγ(x), v⟩| ≤ |∇gγ(x)||v| = |∇gγ(x)|

as desired. □

3.3. Harmonicity and Smoothness of Busemann Functions for Lines. Typically,

Busemann functions are defined just on rays; if we extend the domain of a globally minimizing

geodesic γ to be all of (−∞,∞), that is γ : R →M is a line, we get the powerful additional

property of harmonicity on the two Busemann functions associated with the forward and

backward rays when we restrict the domain of the line γ.

The strategy that we will follow is to employ the estimate of Theorem 2.18 to ∆gt. We

would like to then take a limit in order to study the Laplacian of the Busemann function gγ ,

with the goal of showing that gγ is superharmonic (i.e., ∆gγ ≤ 0) – and after a symmetry

argument, harmonic. However, we do not necessarily have limt→∞ ∆gt = ∆gγ. For example,
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Figure 3. The graph of the function f(x) = x2/3. Notice that f ′′(x) < 0 a.e.,
however f is not superharmonic around 0, since f contains its minimum f(0)
on the interior of any interval [−a, a], contradicting the maximum (in fact,
minimum) principle.

consider the function f(x) = x2/3 as depicted in Figure 3: f ′′ < 0 almost everywhere, but f is

not superharmonic, since the second derivative gives an infinite integral in a neighborhood of

0. Instead, we only get that gγ is harmonic in a distributional sense, that is, when integrated

against a compactly supported smooth test function.

This subsection is dedicated exclusively to applying the comparison estimate to ∆gt, and

then rectifying the issue that a priori we cannot push the limit through the Laplacian. To

do so, we will establish a seminal result for the regularity of solutions to elliptic partial

differential equations in Euclidean space, and then extend this to Riemannian manifolds.

This will allow us to upgrade from weak harmonicity on M to strong harmonicity on M .

Definition 3.14. Let γ : R → M be a unit speed line. Define the forward Busemann

function g+(t) = gγ(t) with t ∈ [0,∞) and the backward Busemann function g−(t) = gγ(−t)
for t ∈ [0,∞).

Theorem 3.15. The Busemann functions g+ and g− are weakly harmonic when Ric ≥ 0.

Proof. The main piece of machinery we use is the Laplacian comparison of Theorem 2.18.

Suppose that γ : R →M is a unit speed line. Then for γ|[0,∞), we define the radial distance

function rt(x) = d(x, γ(t)). If gt(x) = rt(x) − t = d(x, γ(t)) − t, then certainly ∆rt = ∆gt.

Theorem 2.18 gives that away from the cut locus of γ(t) and for each t,

∆gt(x) = ∆rt(x) ≤
n− 1

rt(x)
.

Notice now that if we were to take a limit, we get

lim
t→∞

∆gt(x) ≤ lim
t→∞

n− 1

rt(x)
= 0.

But, we do not have that limt→∞ ∆gt = ∆gγ , which would allow us to say that gγ is strongly

superharmonic (again reference Figure 3); we instead must try for weak superharmonicity.

Recall that for a locally integrable function f , the weak Laplacian of f is defined as

⟨∆f, φ⟩ := ⟨f,∆φ⟩ =
∫
M
f∆φdµ for every nonnegative test function φ ∈ C∞

c (M). Then for

fixed φ ≥ 0 where φ ∈ C∞
c (M) with suppφ contained in some compact set K, we can take
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the comparison inequality and write it distributionally as

⟨∆gt, φ⟩ = ⟨gt,∆φ⟩ ≤
〈
n− 1

rt
, φ

〉
,

or equivalently ∫
M

gt∆φ ≤
∫
M

n− 1

rt(x)
φ.

We want to take a limit over t of this inequality and achieve
∫
M
gγ∆φ ≤ 0 for all nonnegative

φ ∈ C∞
c (M). For the left hand side, notice that∣∣∣∣∫

M

gt∆φ−
∫
M

gγ∆φ

∣∣∣∣ = ∣∣∣∣∫
K

(gt − gγ)∆φ

∣∣∣∣ ≤ ∥gt − gγ∥L∞(K)

∫
K

|∆φ|.

By Proposition 3.9, gt → gγ uniformly on K, and so ∥gt − gγ∥L∞(K) → 0. Also the integral∫
K
|∆φ| is finite since we are integrating a continuous function (∆φ ∈ C∞(M) since φ ∈

C∞(M)) over a compact set, and therefore gt → gγ in L
1
loc(M); that is, lim

∫
M
gt∆φ =

∫
gγ∆φ.

For the right hand side, fix x ∈ K. The reverse triangle inequality gives

rt(x) = d(x, γ(t)) ≥ t− d(x, γ(0)),

and so rt(x) → ∞ uniformly on K, hence (n− 1)/rt(x) → 0 uniformly on K. So as t→ ∞,∫
M

gγ∆φ = ⟨∆gγ, φ⟩ ≤ 0

for all nonnegative φ ∈ C∞
c (M), that is, gγ is weakly superharmonic.

Consider the Busemann functions g+ and g− associated to the forward and backward rays

of the line γ as defined in Definition 3.14. By the preceding argument, both g+ and g− are

weakly superharmonic. Also, we have that

g+(γ(s)) = lim
t→∞

(d(γ(s), γ(t))− t) = lim
t→∞

(|t− s| − t) = −s,

since |t− s| = t− s when t > s, and

g−(γ(s)) = lim
t→∞

(d(γ(s), γ(−t))− t) = lim
t→∞

(|s+ t| − t) = s.

Therefore g+ + g− = 0 along the line γ, that is, g− = −g+ along γ. Since g− is weakly

superharmonic, so is −g+. But that means both ∆g+ ≤ 0 and ∆(−g+) ≤ 0 distributionally,

hence ∆g+ = 0 distributionally; that is, g+ is weakly harmonic. Similarly, g− is weakly

harmonic. □

We would like to strengthen this result so that g+ and g− are strongly harmonic on

the manifold M . In order to do so, we want to apply a regularity result of the (elliptic)

Laplace-Beltrami operator. In particular, we have the following result that we can apply

to the Laplacian on Rn, which we generalize to Riemannian manifolds in the subsequent

corollary, that we will use to assemble a desired result in the proof of Cheeger-Gromoll in

Section 6. We give a sketch of the proof; for a full treatment, reference §6.3 of [Eva10].
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Theorem 3.16 (Elliptic Regularity). Let Lu = −∂j(aij∂iu) + bi∂iu + cu be a uniformly

elliptic operator with smooth coefficients aij, bi, c ∈ C∞(U) for i, j = 1, ..., n, and f ∈ C∞(U)

where U ⊂ Rn. Suppose u ∈ H1(U) = {u ∈ L2(U) : ∂1u, ..., ∂nu ∈ L2(U)} is a weak solution

of the elliptic PDE Lu = f in U . Then u ∈ C∞(U).

Proof Sketch. We proceed in three main stages. Throughout, L is assumed to be uniformly

elliptic with constant θ > 0. That is,
∑n

i,j=1 a
ij(x)ξiξj ≥ θ|ξ|2 for all x ∈ U and ξ ∈ Rn.

Step 1: A priori, u ∈ H1(U) has only one weak derivative in L2. We want to upgrade

to having two derivatives in L2. Since u is defined only as a weak solution, we cannot

differentiate Lu = f , but we can use difference quotients as a proxy. For small h ≠ 0 and a

coordinate direction ek, define the difference quotient

Dh
ku(x) =

u(x+ hek)− u(x)

h
.

Notably, u ∈ H1 has a weak derivative uxk
∈ L2 if and only if ∥Dh

ku∥2 is bounded uniformly

in h (cf. Theorem 3(ii) of §5.8.2 [Eva10]). We want to establish such a bound on Dh
k(Du).

Let V ⋐ W ⋐ U and consider the smooth cutoff function ζ = 1 on V and ζ = 0 on Rn \W .

Set f̃ := f −
∑n

i=1 b
iuxi

− cu ∈ L2(U), so that the weak formulation reduces to

n∑
i,j=1

∫
U

aijuxi
vxj

dx =

∫
U

f̃v dx

for all v ∈ H1
c (U). Substituting the test function v = −D−h

k (ζ2Dh
ku) ∈ H1

c (U), we obtain the

following equation:

A :=
n∑

i,j=1

∫
U

aijuxi
vxj

dx =

∫
U

f̃v dx =: B.

We can expand A using the product rule and the identity
∫
vD−h

k w = −
∫
wDh

kv to isolate

the leading term of A,

A1 :=
n∑

i,j=1

∫
U

aij(x+ hek)D
h
kuxi

Dh
kuxj

ζ1 dx,

and by uniform ellipticity, we bound

A1 ≥ θ

∫
U

ζ2|Dh
kDu|2 dx.

The remaining terms of A and the right hand side B are estimated by Cauchy’s inequality

with ε taken to be a fraction of θ in order to be absorbed in the the left hand side. In

particular, we have ∫
V

|Dh
kDu|2 dx ≤ C

∫
U

(f 2 + u2 + |Du|2) dx

uniformly in h. Taking h→ 0 gives Du ∈ H1
loc(U), hence u ∈ H2

loc(U).
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Step 2: We want to iterate Step 1 to get an arbitrary Sobolev regularity result. The H2
loc

result of Step 1 is the base case m = 0. To reach Hm+2
loc for all m, we proceed by induction.

Suppose u ∈ Hm+2
loc (U). Then for any multi-index α such that |α| = m+1, we can differentiate

Lu = f by Dα to get the PDE L(Dαu) = f̃ in W , where

f̃ := Dαf +
∑
β<α

(
α

β

)
(commutator terms)

involves derivatives of the coefficients aij, bi, c applied to lower order derivatives of u. Since

we assume aij, bi, c ∈ C∞(U), these commutator terms are controlled, and the inductive

hypothesis ensures that all lower order derivative terms of u appearing in f̃ lie in L2
loc. So

ũ := Dαu ∈ H1
loc(W ) is a weak solution of Lũ = f̃ with f̃ ∈ L2

loc. Applying Step 1 gives that

u ∈ Hm+3
loc . Since f ∈ C∞(U) ⊂ Hm(U), and since aij, bi, c ∈ C∞(U) for all m, we conclude

u ∈ Hk
loc(U) for all k ≥ 1.

Step 3: Although we have membership in all Sobolev spaces, we do not immediately have

that u is smooth – to achieve this, we use Sobolev embedding techniques. Fix ℓ ∈ N and take

an integer k > n/2 such that k − ⌊n/2⌋ − 1 ≥ ℓ. Step 2 gives u ∈ Hk
loc(U) = W k,2

loc (U). We

iteratively apply the Gagliardo-Nirenberg-Sobolev inequality (Theorem 1 in §5.6.1 [Eva10])

starting with p0 = 2; at each step, the inequality gives Dβu ∈ Lp∗ where 1/p∗ = 1/p− 1/n

and |β| = k − 1, so that u ∈ W k−1,p∗
loc .

Setting p1 = p∗, p2 = p∗1, and so on, after ⌊n/2⌋ steps the exponent satisfies p⌊n/2⌋ > n,

since each application of p 7→ p∗ increases 1/p by 1/n, and we have subtracted ⌊n/2⌋/n
from 1/2 in total, hence we reach 0. That is, we have gotten to W

k−⌊n/2⌋,r
loc with r > n, and

Morrey’s inequality (Theorem 4 in §5.6.2 [Eva10]) gives the embedding into Ck−⌊n/2⌋−1,δ(U)

for some δ ∈ (0, 1]. In particular, u ∈ Cℓ
loc(U) = Cℓ(U) since classical differentiability is a

local condition. Since ℓ > 0 was arbitrary, u ∈ C∞(U). □

We now want to generalize this to the case of Riemannian manifolds in order to apply

the strengthening result to the weakly harmonic functions g±. First, however, we need to

show that the pushforward of the Busemann function g+ to Euclidean space belongs to the

Sobolev space H1(U).

Lemma 3.17. Let (M, g) be a Riemannian manifold and g+ the Busemann function associated

to a ray γ. Let φ : U → V ⊂ Rn be a coordinate chart, and suppose V is convex. Then

ũ := g+ ◦ φ−1 ∈ H1
loc(V ) – that is, ũ ∈ H1(W ) for all W ⋐ V .

Proof. We will show ũ ∈ H1(W ) for all W ⋐ V . Fix such a W ⋐ V ; we can then find

an intermediate V ′ such that W ⋐ V ′ ⋐ V such that V ′ is compact and convex. Set

K = φ−1(V ′) ⋐ U . K is compact since φ is a diffeomorphism. Since gij ∈ C∞(U) and K

is compact, the matrix (gij(p)) is uniformly bounded and uniformly positive definite over

p ∈ K. That is, there exist 0 < λ ≤ Λ <∞ such that

λ|ξ|2 ≤ gij(p)ξ
iξj ≤ Λ|ξ|2
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for all p ∈ K and ξ = (ξ1, ..., ξn) ∈ Rn. For x, y ∈ W , the convexity of V ′ gives σ(t) :=

(1− t)x+ ty ⊂ V ′ with t ∈ [0, 1] and its preimage c(t) := φ−1(σ(t)) lies in K. We can use

this curve c to derive the following upper bound:

dg(φ
−1(x), φ−1(y)) ≤

∫ 1

0

√
gij(φ−1(σ(t)))ċiċj dt dg ≤ Lg

≤
∫ 1

0

√
gij(φ−1(σ(t)))(yi − xi)(yj − xj) dt dφc(t)(ċ(t)) = y − x

≤
∫ 1

0

√
Λ|x− y|Rn dt gij(p)ξ

iξj ≤ Λ|ξ|2

=
√
Λ|x− y|Rn .

Since g+ is 1-Lipschitz (Proposition 3.10), we get

|ũ(x)− ũ(y)| = |g+(φ−1(x))− g+(φ
−1(y))| ≤ dg(φ

−1(x), φ−1(y)) ≤
√
Λ|x− y|

for x, y ∈ W , and so ũ is
√
Λ-Lipschitz onW . Thus ũ ∈ W 1,∞(W ) ⊂ W 1,2(W ) = H1(W ). □

We can now extend the regularity result of Theorem 3.16 to the Laplace-Beltrami operator

on a Riemannian manifold. We denote this by ∆ in the following corollary.

Corollary 3.18 (Weyl’s Lemma for g+ on a Riemannian Manifold). Let (M, g) be a Rie-

mannian manifold and g+ ∈ D′(M) is the forward Busemann function associated to a ray γ.

If ⟨g+,∆φ⟩ = 0 for all nonnegative φ ∈ C∞
c (M), then g+ ∈ C∞(M) and ∆g+ = 0.

Proof. It suffices to show that g+ is smooth near each p ∈M . Let (U, ψ) be a chart around

p; let ψ(U) = Ω ⊂ Rn be convex (e.g., Ω is an open ball), and set ũ = g+ ◦ ψ−1 ∈ D′(Ω). In

the chart U , we can write the Laplace-Beltrami operator in divergence form as

∆g+ =
1√
det g

∂i

(√
det ggij∂jg+

)
.

If we define ∆g+ = Lũ, we can expand to get the following expression for L in coordinates:

L =
1√
det g

(
∂i
(√

ggij
)
∂jg+ +

√
det ggij∂i∂jg+

)
= gij∂ij +

1√
det g

∂i

(√
det ggij

)
∂j.

If we let aij = gij and bi = 1√
det g

∂j(
√
det ggij), then

L = aij(x)∂ij + bi(x)∂i.

Notice that both aij, bi ∈ C∞(Ω) since g is smooth.

Now fix Ω′′ ⋐ Ω′ ⋐ Ω, and define K = ψ−1(Ω′), which is compact in M since ψ is a

diffeomorphism. Since K is compact and gij is smooth, there exist 0 < λ ≤ Λ < ∞ such

that λ|ξ|2 ≤ gij(q)ξ
iξj ≤ Λ|ξ|2 for all q ∈ K and ξ ∈ Rn. We can make the substitution

q = ψ−1(x) and invert this inequality to get

1

Λ
|ξ|2 ≤ gij(x)ξiξj = aijξiξj ≤

1

λ
|ξ|2
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for all x ∈ Ω′ (since ψ−1 is a bijection between Ω′ and K), which gives that L is a uniformly

elliptic operator on Ω′.

We have already shown in Lemma 3.17 that ũ ∈ H1
loc(Ω), in particular ũ ∈ H1(Ω′). It

remains to show that ũ is a weak solution to Lũ = 0 on Ω′ in order to apply Theorem 3.16.

For any φ ∈ C∞
c (Ω′), let us set Φ = φ ◦ ψ ∈ C∞

c (U) ⊂ C∞
c (M). Then since ⟨g+,∆Φ⟩ = 0

by Theorem 3.15, by using the change of variables q = ψ−1(x) we can write

0 =

∫
M

g+∆Φ dVg =

∫
Ω′
ũ · (Lφ)

√
det g dx,

which is equivalent to ũ being a weak solution to Lũ = 0 on Ω′.

Since L has been shown to be uniformly elliptic on Ω′ with smooth coefficients, and

ũ ∈ H1(Ω′) is a weak solution to Lũ = 0, Theorem 3.16 gives that ũ ∈ C∞(Ω′′). Since

Ω′′ ⋐ Ω′ ⋐ Ω were arbitrary, ũ ∈ C∞(Ω), hence g+ ∈ C∞(U) since g+ = ũ ◦ ψ and ψ is a

diffeomorphism. Since p ∈M was arbitrary, g+ ∈ C∞(M). Finally, Green’s second identity

gives that ∆u = 0 classically since for all test functions φ ∈ C∞
c (M),

0 =

∫
M

g+∆φ =

∫
M

φ∆g+.

□

4. Analytic Rigidity via Bochner’s Formula

We have established that the Busemann function g+ associated to a line γ is harmonic in

the nonnegative Ricci curvature setting. However, we need a way to move from harmonicity

to some form of splitting result. The first main step toward this goal is the Bochner formula.

This formula will convert the harmonicity condition into geometric information about ∇g+.
In particular, we will see that Bochner’s formula ensures that ∇g+ is a parallel vector field,

and then Section 5 will discuss how we turn this parallel vector field into a splitting result.

We begin by stating and proving Bochner’s formula.

Theorem 4.1 (Bochner’s Formula). Let u be a smooth function on the manifold M . Then

1

2
∆|∇u|2 = |Hess(u)|2 + ⟨∇∆u,∇u⟩+Ric(∇u,∇u).

Proof. Fix p ∈ M , and let {E1, ..., En} be an orthonormal frame, that is ⟨Ei, Ej⟩ = δji and

∇Ei
Ej(p) = 0. Recall that for Y ∈ X (M), we define div Y =

∑
⟨∇Ei

Y,Ei⟩, and also recall

∆f = div∇f . So for Y = ∇f , we have

∆f = div(∇f) =
∑
i

⟨∇Ei
∇f, Ei⟩.

By metric compatibility, we know Ei⟨∇f, Ei⟩ = ⟨∇Ei
∇f, Ei⟩+ ⟨∇f,∇Ei

Ei⟩, hence

⟨∇Ei
∇f, Ei⟩ = Ei⟨∇f, Ei⟩ − ⟨∇f,∇Ei

Ei⟩.

Since Eif = ⟨∇f, Ei⟩, the first term on the right becomes Ei(Eif), and therefore

∆f =
∑
i

EiEif − ⟨∇Ei
Ei,∇f⟩.
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Letting f = |∇u|2, we have

∆|∇u|2 =
∑

EiEi⟨∇u,∇u⟩ −
∑

⟨∇Ei
Ei,∇|∇u|2⟩.

But, since we are working in an orthonormal frame about p, the second term is 0.

Proceeding with computation at the point p,

1

2
∆|∇u|2 = 1

2

∑
i

EiEi⟨∇u,∇u⟩

=
∑
i

⟨∇Ei
∇u,∇u⟩ product rule

=
∑
i

Ei Hess(u)(Ei,∇u) def. of Hess

=
∑
i

Ei Hess(u)(∇u,Ei) Hess is symmetric

=
∑
i

Ei⟨∇∇u(∇u), Ei⟩ def. of Hess

=
∑
i

⟨∇Ei
∇∇u(∇u), Ei⟩+ ⟨∇∇u(∇u),∇Ei

Ei⟩ product rule

=
∑
i

⟨∇Ei
∇∇u(∇u), Ei⟩ orthonormality at p

=
∑
i

⟨R(Ei,∇u)∇u,Ei⟩

+
∑
i

⟨∇∇u∇Ei
(∇u), Ei⟩

+
∑
i

⟨∇[Ei,∇u](∇u), Ei⟩,

where the last equality comes from the definition of the Riemann curvature tensor. The first

term is by definition Ric(∇u,∇u). By the product rule, the second term is∑
i

⟨∇∇u∇Ei
(∇u), Ei⟩ =

∑
i

(∇u)⟨∇Ei
(∇u), Ei⟩ − ⟨∇Ei

(∇u),∇∇uEi⟩

= (∇u)
∑
i

⟨∇Ei
∇u,Ei⟩

= (∇u)∆u
= ⟨∇∆u,∇u⟩,

where the second equality comes from the fact that the Ei are parallel, hence ∇XEi = 0 for

any X ∈ X (M), the third equality comes from the definition we wrote in the first display-style

line of the proof, and the last comes by definition and symmetry of the inner product.

Finally for the third term, we have∑
i

⟨∇[Ei,∇u](∇u), Ei⟩ =
∑
i

Hess(u)([Ei,∇u], Ei) def. of Hess
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=
∑
i

Hess(u)(∇Ei
∇u−∇∇uEi, Ei) def. of Lie bracket

=
∑
i

Hess(u)(∇Ei
∇u,Ei)− Hess(u)(∇∇uEi, Ei) linearity

=
∑
i

Hess(u)(∇Ei
∇u,Ei) parallel frame at p

=
∑
i

Hess(u)(Ei,∇Ei
∇u) symmetry

=
∑
i

⟨∇Ei
∇u,∇Ei

∇u⟩ def. of Hess

= |Hess(u)|2.

□

Notice that if we are working with a harmonic function u, then the term ⟨∇∆u,∇u⟩ = 0.

Therefore, we can reduce the Bochner formula in the case of harmonic u to

1

2
∆|∇u|2 = |Hess(u)|2 +Ric(∇u,∇u).

Let us apply this result to the Busemann function g+ on the manifold M , which we take

to have nonnegative Ricci curvature. Recall that by Proposition 3.13, |∇g+| = 1. Therefore

on the left hand side of the reduced Bochner formula, we have 1
2
∆(1) = 0, and so

0 = |Hess(g+)|2 +Ric(∇g+,∇g+).

By definition, |Hess(u)|2 = |∇(∇u)|2 =
∑

i |∇Ei
∇u|2 for any orthonormal frame {Ei}.

But since the left hand side is 0 and each of the summands on the right is nonnegative

(surely |Hess(g+)|2 ≥ 0, and Ric ≥ 0 by assumption), we must have that |Hess(g+)|2 =

Ric(∇g+,∇g+) = 0; in particular ∇Ei
∇g+ ≡ 0 for all i. Since the covariant derivative is

linear in the lower slot, we have that ∇X∇g+ =
∑

iX
i∇Ei

∇g+ for any arbitrary X ∈ X (M),

hence this vanishes as well. Since ∇X∇g+ = 0 for all X ∈ X (M), ∇g+ is parallel.

5. Geometric Rigidity via de Rham Decomposition

To show that the existence of a parallel vector field induces a splitting, we appeal to a

weakened version of the following theorem (it is stated in [Bes87] that the proof of this

theorem is very hard, and that a simple proof does not exist – it appears that this comment

sparked further study, and a proof is given in [Pan92]):

Theorem 5.1 (de Rham). If a Riemannian manifold is complete, simply connected, and if

its holonomy representation is reducible, then (M, g) is a Riemannian product.

This theorem imposes the condition that M be simply connected; however, we can loosen

the theorem by considering a local result without this hypothesis, and then instead by using

properties of the Busemann function g+, we can re-strengthen to a global result in this

particular case. The local result follows:
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Theorem 5.2 (Local de Rham). Let (M, g) be a Riemannian manifold, not necessarily

complete, and fix p ∈M . Let V ⊂ TpM be the subspace of TpM which is acted on trivially

by Hol(p) (i.e., every vector in V should be fixed by action by any element of Hol(p)), and let

V ⊥ be its orthogonal complement in TpM . Then M is locally a product with metric ḡ × g⊥.

In other words, if the holonomy representation Hol(p) is reducible, then the manifold locally

splits as a Riemannian product. Before we prove this theorem, note that the machinery that

we want to use in our argument is a generalization of vector fields – distributions (but not

the kind used in Section 3). Consider the following definitions and fact about distributions.

Definition 5.3. If M is a smooth manifold, then a (tangent) distribution D assigns to

each p ∈ M a vector subspace Dp of TpM in a smooth way. In particular, for any p ∈ M

there exists a neighborhood Up ⊂M and a collection of vector fields {X1, ..., Xk} that span

{X1(q), ..., Xk(q)} = Dq for any q ∈ Up.

The distribution is said to be parallel if it is parallel transport invariant; equivalently, if Y

is a local section of D (i.e., Yp ∈ Dp for all p ∈ U ⊂M) and X is any vector field, then ∇XY

is also a local section of D.

The distribution D is said to be involutive if for any two X, Y ∈ Γ(D) ⊂ X (M), their Lie

bracket [X, Y ] is also contained in Γ(D) ⊂ X (M).

If for every Dp, we have that there exists some submanifold N ⊂M such that Dp = TpN ,

then we say that D is a foliation, and the submanifolds N are called leaves of the foliation.

Theorem 5.4 (Frobenius). Every involutive distribution is (completely) integrable to a

foliation.

Proof. We omit proof; see Theorem 19.12 in [Lee13]. □

In order to interface between the hypothesis about holonomy representation and distribu-

tions, we need the following lemma, which provides the link between ∇g+ being parallel and

the splitting result we desire.

Lemma 5.5. Let k ∈ Z be between 1 and n− 1. Then the following are equivalent:

a) There exists on (M, g) a parallel, involutive distribution D,

b) The holonomy representation Hol(g) leaves invariant a subspace of dimension k.

Moreover, such a distribution is necessarily involutive.

Proof. (a =⇒ b) Fix p ∈M and consider Dp ⊂ TpM , a k-dimensional subspace of TpM . If σ

is a loop based at p, then we have an element Pσ ∈ Holp(g). Since D is parallel by assumption,

parallel transport preserves Dp along every curve, that is, Pσ(Dp) = Dp. So every Pσ leaves

Dp invariant, and so Holp(g) preserves Dp. Since p is arbitrary, we have (b).

(b =⇒ a) Fix p ∈M and suppose Holp(g) preserves some k-dimensional V ⊂ TpM . Define

a distribution D on M by parallel transport: for any q ∈M , pick some path σ from p→ q,

and set Pσ(Dp) = Dp. So, every Pσ leaves Dp invariant by construction, and so Holp(g)

preserves Dp. Since p is arbitrary, we have (a).

To see that such a distribution D is involutive, consider two vector fields X, Y belonging

to D. Then both ∇XY and ∇YX belong to D by invariance under parallel transport, hence

[X, Y ] = ∇XY −∇YX belongs to D. □
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Figure 4. Construction of the map Φ

We can now proceed with the proof of the local de Rham splitting theorem.

Proof of Theorem 5.2. Fix p ∈M and assume that we can split TpM = V ⊕ V ⊥, where V is

invariant under the action of Hol(p) (i.e., parallel transport around any loop based at p fixes

V ).

Our first goal is to build a totally geodesic, flat foliation. By Lemma 5.5, there exists a

globally defined smooth involutive distribution D ⊂ TM such that Dp = V and ∇XY ∈ Γ(D)

whenever X, Y ∈ Γ(D) (parallel transport invariance). By the same logic, there also exists a

globally defined smooth involutive distribution D⊥ ⊂ TM with the same properties. Since

D,D⊥ are involutive, Frobenius’ Theorem (Theorem 5.4) gives that we can integrate these

distributions to foliations: in particular, D integrates to a foliation F , and D⊥ integrates to

a foliation F⊥, and these two foliations are orthogonal.

Claim 1A: Every leaf of F is totally geodesic.

Proof. Let L ⊂ F be a leaf; by definition, TpL = Dp for all p ∈ L, hence TL = D|L. So,
if X ∈ X (L) is tangent to L, meaning Xp ∈ TpL for all p, then Xp ∈ Dp. Recall Gauss’

formula, ∇M
X Y = ∇L

XY + II(X, Y ). If ∇XY ∈ Γ(D) for X, Y ∈ Γ(D), then X and Y are

tangent to L since D|L = TL. Hence X and Y are D-valued, so ∇M
X Y ∈ Γ(D) = Γ(TL),

thus II(X,Y ) = 0. Equivalently, L is totally geodesic in M . ⋄

Claim 1B: The leaves of F are flat.

Proof. Since V is holonomy invariant, curvature must vanish in the directions of V ; in

particular, for any v ∈ V , we have R(X, Y )v = 0 for all X, Y ∈ X (M), hence all sectional

curvatures of planes in D are 0. Since the leaves of a parallel distribution’s foliation are

totally geodesic by Claim 1A, the geodesics of L are geodesics of M . So, the curvature

of the leaf is the same as the ambient curvature, that is RL(X, Y )Z = R(X, Y )Z with

X, Y, Z ∈ D. Hence RL(X, Y )v = 0 for v ∈ V , and the leaves are flat. ⋄

Since the leaves are totally geodesic, expL
p (v) = expM

p (v) for v ∈ TpL, and so throughout

when the domain of exp is ambiguous, we do not in fact run in to any issue. Further,

the geodesic γv(t) = expp(tv) is contained entirely in L (respectively L⊥ if v ∈ L⊥), hence

expp(TpL) ⊂ L, and expp(TpL
⊥) ⊂ L⊥.
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Our second goal is to build a local isometry. Consider the map Φ : L× L⊥ →M , in which

we somewhat combine the coordinates of a point x ∈ L near p and a point y ∈ L⊥ near p, by

first moving along L and then parallel transporting along the L⊥ direction. In particular,

there exists a unique v ∈ TpL such that y = expp(v), and also there exists a unique w ∈ TpL
⊥

such that y = expp(w). Suppose we parallel transport w along the geodesic α(t) = expp(tv)

(we can do this since the distributions are parallel), and call this w̃ ∈ TxL
⊥
x – note here that

we write L⊥
x , which denotes the leaf of the foliation F⊥ passing through x, instead of the leaf

passing through p, which retains the label L⊥. Then we can finally define Φ(x, y) = expx(w̃),

as illustrated in Figure 4.

We want to show that Φ∗g = gL⊕gL⊥ . Notice that (Φ∗g)(x,y)(U, V ) = gΦ(x,y)(dΦ(U), dΦ(V ));

so, we want to understand dΦ. At a point (x, y) ∈ L×L⊥, we have the splitting T(x,y)(L×L⊥) =

TxL ⊕ TyL
⊥. Suppose (X1, 0) ∈ TxL and (0, X2) ∈ TyL

⊥. Recall that if i : L → M is an

inclusion (immersion), then for any x ∈ L, we have dix(TxL) = TxL ⊂ TxM , and since

TxL = Dx by definition, α̇(s) ∈ Dα(s) for any curve α(s) ⊂ L. By construction of Φ, moving

along the L direction pushes forward to a vector in D and moving along L⊥ pushes forward

to a vector in D⊥. In particular, dΦ(X1, 0) ∈ DΦ(x,y) and dΦ(0, X2) ∈ D⊥
Φ(x,y).

Consider the following expansion:

⟨dΦ(X1, X2), dΦ(Y1, Y2)⟩g = ⟨dΦ(X1, 0), dΦ(Y1, 0)⟩g + ⟨dΦ(X1, 0), dΦ(0, Y2)⟩g
+ ⟨dΦ(0, X2), dΦ(Y1, 0)⟩g + ⟨dΦ(0, X2), dΦ(0, Y2)⟩g

= ⟨dΦ(X1, 0), dΦ(Y1, 0)⟩g + ⟨dΦ(0, X2), dΦ(0, Y2)⟩g,

where the two cross terms cancel by orthogonality. We need to show that the right hand side

is equivalent to ḡ(X1, Y1) + gL⊥(X2, Y2). In particular, we want

ḡ(X1, Y1) = ⟨dΦ(X1, 0), dΦ(Y1, 0)⟩g, gL⊥(X2, Y2) = ⟨dΦ(0, X2), dΦ(0, Y2)⟩g.

Notice that by fixing a variable of Φ, we can parameterize the leaves L and L⊥. That is,

we can locally define Φ : L × L⊥ → M so that for fixed y ∈ L⊥, the map Φy(x) = Φ(x, y)

parameterizes Ly, and for fixed x ∈ L, the map Φx(y) = Φ(x, y) parameterizes L⊥
x .

Claim 2: Let X1, Y1 ∈ TxL, and fix y ∈ L⊥. Then the map Φy : L→M preserves the metric

on L, and the map Φx : L⊥ →M preserves the metric on L⊥.

Proof. Fix y = expp(w) ∈ L⊥ where w ∈ TpL
⊥. For x ∈ L, take αx to be the geodesic

in L from p to x, and let Px : TpM → TxM denote parallel transport along αx. By

definition, Φy(x) = expx(Pxw). Since the splitting TM = D⊕D⊥ is parallel, Px preserves

TpL
⊥, and so Pxw ∈ TxL

⊥. Therefore Φy(x) is obtained by moving from x along the L⊥

leaf through x.

Take a curve x(s) ⊂ L such that x(0) = x and ẋ(0) = X1 ∈ TxL, and fix y ∈ L⊥. For

each s, let αs be the geodesic in L from p to x(s), and let w̃(s) denote the parallel transport

of w along αs. Then Φ(x(s), y) = expx(s)(w̃(s)). We can then define the variation

Γ(s, t) = expx(s)(tw̃(s)); by definition, each Γs(t) is a geodesic, and Γ(s, 1) = Φ(x(s), y).

Therefore,

dΦ(x,y)(X1, 0) =
d

ds

∣∣∣∣
0

Φ(x(s), y) =
∂F

∂s
(0, t).
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So, if we write the variation field JX1(t) := ∂F
∂s
(0, t), then dΦ(x,y)(X1, 0) = JX1(1).

Similarly for another vector Y1 ∈ TxL, we can construct and define a variation field JY1(t)

such that dΦ(x,y)(Y1, 0) = JY1(1).

We claim that ⟨JX1(1), JY1(1)⟩ = ḡ(X1, Y1). At s = 0, we can define γ(t) := Γ(0, t) =

expx(tw̃); this is a the geodesic starting at x with initial velocity w̃. Since L⊥ is totally

geodesic, γ lies in the leaf L⊥
x , and γ̇(t) ∈ D⊥. Since the variation is obtained by moving

the base point x(s) inside L, the variation field JX1(t) points in the D direction; that is

JX1(t), JY1(t) ∈ Dγ(t). Since D is a parallel distribution, parallel transport preserves D.

In particular along γ tangent to D⊥, the D directions are parallel transported, and so

JX1 and JY1 along γ are precisely the parallel transports of their initial values. That is,

∇γ̇JX1 = ∇γ̇JY1 = 0. Therefore,

d

dt
⟨JX1(t), JY1(t)⟩ = ⟨∇γ̇JX1 , JY1⟩+ ⟨JX1 ,∇γ̇JY1⟩ = 0,

giving that ⟨JX1(t), JY1(t)⟩ is constant in t. So,

⟨JX1(1), JY1(1)⟩ = ⟨JX1(0), JY1(0)⟩ = ⟨X1, Y1⟩,

giving that ḡ(X1, Y1) = ⟨dΦ(X1, 0), dΦ(Y1, 0)⟩g as desired. Showing that the metric is

preserved on gL⊥ follows by the same techniques. ⋄

Substituting in to the expansion yields

⟨dΦ(X1, X2), dΦ(Y1, Y2)⟩g = ⟨dΦ(X1, 0), dΦ(Y1, 0)⟩g + ⟨dΦ(0, X2), dΦ(0, Y2)⟩g
= ḡ(X1, Y1) + gL⊥(X2, Y2),

and so Φ∗g = ḡ ⊕ gL⊥ . □

So the manifold can be split locally. We want to use properties of the Busemann function

g+ to extend this to a global result; in particular, since ∇g+ is parallel and nonvanishing, we

can propagate the splitting globally by gluing the de Rham charts using a global coordinate

along g+ and a global transversal, which is a level set of g+. We will do so by constructing

an isometry F such that F ∗g = dt2 ⊕ h. Before we present and prove the global version of de

Rham splitting in the special case of ∇g+, first consider the following technical lemma.

Lemma 5.6. ∇∂tX(t) = ∇X(t)(∇g+) where F (t, p) = φt(p) is the flow of ∇g+, X ∈ TpN ,

and X(t) = dφt(X).

Proof. Pick a curve σ(s) ⊂ N such that σ(0) = p and σ′(0) = X. Consider the variation

Γ(s, t) = φt(σ(s)), and define T = ∂tΓ and S = ∂sΓ. Then T (s, t) = (∇g+)(Γ(s, t)) since φt

is the flow of ∇g+, and S(0, t) = X(t).

Since the Levi-Civita connection is torsion free, ∇TS −∇ST = [T, S]. But since S, T are

coordinate vector fields from a smooth map Γ, the Lie bracket is 0, hence the derivatives

commute. At s = 0, T (0, t) = (∇g+)(φt(p)) and S(0, t) = X(t), hence

∇∂tX(t) = ∇TS|s=0 = ∇ST |s=0.
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To compute the right hand side, notice that T (s, t) = (∇g+)(Γ(s, t)), and so differenti-

ating in the S direction is just covariant differentiation of ∇g+, that is, ∇ST = ∇S(∇g+).
Evaluating at s = 0 gives ∇∂tX(t) = ∇X(t)(∇g+). □

Theorem 5.7 (Globalized Local de Rham). Suppose g+ is a smooth forward Busemann

function such that |∇g+| ≡ 1 and ∆g+ = 0, that is, ∇g+ is parallel. Then there exists an

isometry F such that F ∗g = dt2 ⊕ h globally.

Proof. For notational simplicity, we write V = ∇g+, and define the level set N := g−1
+ (0).

Since |∇g+| = 1, we have that 0 (in fact, any point) is a regular value. Hence the Regular Level

Set Theorem (Corollary 5.14 in [Lee13]) gives that N is a smooth embedded hypersurface,

and

TpN = {X ∈ TpM : ⟨Vp, X⟩ = 0} = ker(dg+)p = V ⊥
p .

Note too that we can split TpM = TpN ⊕ (TpN)⊥; the right term is therefore (TpN)⊥ =

(V ⊥
p )⊥ = R · Vp since (v⊥)⊥ = span(v) for v ̸= 0. With this, Theorem 5.2 gives that we

can integrate R · Vp ⊕ TpN to a local Riemannian product; we claim that since V = ∇g+
is parallel (from the Bochner formula) and nonvanishing, we can extend this Riemannian

product to be global.

First, we show that the flow φt of V exists for all time, and allows us to move through

the level sets linearly. By definition, we have d
dt
φt(x) = Vφt(x). Since |V | = 1 (that is, it is

bounded) and M is complete, the flow exists for all t ∈ R; that is, there is no blow-up and

the flow lines are unit speed geodesics defined for all time. Then we compute

d

dt
g+(φt(x)) = dg+(V ) = ⟨V, V ⟩ = |V |2 = 1,

hence g+(φt(x)) = g+(x) + t. In particular, if x ∈ N , then g+(x) = 0, and so g+(φt(x)) = t;

that is, φt is a diffeomorphism of N onto the level set g−1
+ (t).

Suppose we then define the map F : R×N → M by F (t, p) = φt(p). Given any x ∈ M ,

take t = g+(x); then p := φ−t(x) is such that g+(p) = g+(x) − t = 0, and so p ∈ N and

x = φt(p) = F (t, p), and so F is surjective. Also if F (t, p) = F (s, q), then we apply g+ to get

that t = g+(F (t, p)) = g+(F (s, q)) = s, hence s = t, and also φt(p) = φt(q) implies p = q by

the uniqueness of ODE flow, hence F is injective.

It remains to show that this bijection is an isometry; to do so, we show that dF is an

isomorphism at all points, giving that F is a local diffeomorphism by the inverse function

theorem, which is then a global diffeomorphism since it is a bijection.

Proof. We want to show that dF : T(t,p)(R×N) → TF (t,p)M is an isomorphism. Notice

that dim(T(t,p)(R×N) = 1+(n−1) = n = dim(TF (t,p)M), and so it suffices to show that

dF is injective. In particular, at (t, p) ∈ R×N , we can split T(t,p)(R×N) = R∂t ⊕ TpN ,

so if a∂t + v ∈ R∂t ⊕ TpN , we want to show dF (a∂t + v) = 0 implies a = 0 and v = 0.

Notice that dF(t,p)(∂t) =
∂
∂t
F (t, p) = d

dt
φt(p) = V (φt(p)), hence dF (∂t) = V . Also,

we claim that dF (v) ∈ V ⊥. Indeed, recall N = g−1
+ (0) and TpN = ker(dg+)p, hence

d(g+)p(v) = 0. By the chain rule, d(g+)F (t,p)(dF (v)) = d(g+ ◦ F )(t,p)(v), but g+(φt(p)) =

(g+ ◦ F )(t, p) = g+(p) + t, and so v(g+ ◦ F ) = v(g+(p)) = 0, since g+(p) = 0 on N .
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Hence d(g+)(dF (v)) = 0. But by definition of the gradient, dg+(Y ) = ⟨V, Y ⟩, hence
⟨V, dF (v)⟩ = 0, and so dF (v) ∈ V ⊥ as claimed.

Last, we claim that TF (t,p)M = RV ⊕ V ⊥. For notational simplicity, take x = F (t, p);

then Vx ̸= 0 since |V | = 1 and V ⊥(x) = {Y : ⟨Y, V ⟩ = 0}. By definition, this V ⊥

is a hypersurface. Since dim(RV ) = 1 and dim(V ⊥) = n − 1, it remains to show

RV ⊕ V ⊥ = {0}. Indeed, suppose w ∈ RVx ∩ V ⊥
x , then w = λVx for some λ, and also

0 = ⟨w, Vx⟩ = λ|Vx|2. Since |Vx|2 = 1, we must have λ = 0, hence w = 0. Therefore,

TF (t,p)M is in fact a direct sum.

So, suppose dF (a∂t + v) = 0, hence aV + dF (v) = 0. But aV ∈ RV and dF (v) ∈ V ⊥,

and so we must have aV = 0 and dF (v) = 0 by the direct sum decomposition shown

earlier. But, |V | = 1 so a = 0, and since dF (v) = (φt)∗v where φt is a flow hence

diffeomorphism, the map (φt)∗ : TpM → TF (t,p)M is an isomorphism, hence dF (v) = 0

implies v = 0. So dF is injective, hence an isomorphism. ⋄
As discussed, since dF is an isomorphism, F is a local diffeomorphism, and since F is also a

bijection, F is a global diffeomorphism. We now want to show that it is an isometry; we will

check this on pairs of vectors belonging to either R∂t or V ⊥. Take h to be a restriction of the

metric g, so hp(X, Y ) = gp(X, Y ) where X, Y ∈ TpN ⊂ TpM . If we give R×N the metric

g̃ = dt2 ⊕ h, then g̃(∂t, ∂t) = 1, g̃(∂t, X) = 0, and g̃(X, Y ) = hp(X, Y ); we want to show that

F ∗g = g̃. By definition of pullback, we show the first two conditions, where X ∈ TpN :

(F ∗g)(t,p)(∂t, ∂t) = gF (t,p)(dF (∂t), dF (∂t)) = gF (t,p)(V, V ) = 1,

(F ∗g)(t,p)(∂t, X) = gF (t,p)(dF (∂t), dF (X)) = gF (t,p)(V, dF (X)) = 0,

where the last equality comes from the fact that dF (X) ∈ V ⊥, hence gives an inner product

of 0. For the last condition, fix p ∈ N and X, Y ∈ TpN . If we set f(t) = g(X(t), Y (t)), where

X(t) = dφt(X) and Y (t) = dφt(Y ), we claim that f ′(t) = 0.

Proof. See that d
dt
g(X(t), Y (t)) = g(∇∂tX(t), Y (t)) + g(X(t),∇∂tY (t)). We want to

show that ∇∂tX(t) = ∇∂tY (t) = 0. Lemma 5.6 gives that ∇∂tX(t) = ∇X(t)V , but

∇V = 0 so ∇∂tX(t) = 0; similarly, we get ∇∂tY (t) = 0. Hence f ′(t) = 0. ⋄
Therefore f(t) is a constant function, and so g(X(t), Y (t)) = g(X(0), Y (0)) = g(X, Y ), which

is equivalent to hp(X, Y ) since X, Y ∈ TpN . Therefore F is an isometry, and so we can

extend the local de Rham splitting to a global splitting. □

6. Proof of Cheeger-Gromoll Splitting Theorem

Recall the titular theorem of this manuscript; we have now built up the techniques used to

prove the Cheeger-Gromoll splitting theorem.

Theorem 6.1 ([CG71]). Let (M, g) be a complete Riemannian manifold of nonnegative Ricci

curvature. Then (M, g) is isomorphic to the product Rk ×N , where N contains no lines, and

Rk has its usual flat metric.

Proof. If M contains no lines, then we are done. Otherwise, suppose that M contains a

line γ : R → M . We denote the forward and backward Busemann functions associated to

γ as g+ and g− respectively (Definition 3.14). Recall that Theorem 3.15 gives that g+ is a
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weakly harmonic function, which we strengthen to g+ being smooth and strongly harmonic

via Corollary 3.18.

We apply the Bochner formula (Theorem 4.1) to g+ and get

1

2
∆|∇g+|2 = |∇2g+|2 + ⟨∇∆g+,∇g+⟩+Ric(∇g+,∇g+).

But since g+ is harmonic, ⟨∇∆g+,∇g+⟩ = ⟨∇0,∇g+⟩ = 0. Also, we showed that |∇g+| = 1

in Proposition 3.13 and so the Bochner formula reduces to

0 = |∇2g+|2 +Ric(∇g+,∇g+).

But we assumed that Ric ≥ 0, and surely |∇2g+|2 ≥ 0, and so |∇2g+|2 = Ric(∇g+,∇g+) = 0

as previously discussed in Section 4.

By definition, ∇2g+(X, Y ) = ⟨∇X(∇g+), Y ⟩, hence 0 = ⟨∇X(∇g+), Y ⟩ for vector fields

X, Y . Since X, Y are arbitrary, ∇X(∇g+) = 0 for all X, hence ∇g+ is a parallel vector field.

We can then define the rank-1 distribution D = span(∇g+). Recall that a distribution is said

to be parallel if it is parallel transport invariant, or equivalently, if for any section Y of D and

any vector field X, then ∇XY is a section of D. Consider a section Y = f∇g+ of D. Then

∇XY = ∇X(f∇g+) = (Xf)∇g+ + f∇X(∇g+) = (Xf)∇g+,

where in the second-to-last expression, the second term vanishes due to ∇g+ being parallel.

Hence D is a parallel distribution.

Since D is parallel, we claim that D⊥ is as well. Indeed, if Y is a section of D and Z is a

section of D⊥, then ⟨Y, Z⟩ = 0, and for any vector field X,

0 = X(⟨Y, Z⟩) = ⟨∇XY, Z⟩+ ⟨Y,∇XZ⟩.

Since D is parallel, ∇XY ∈ D, hence ⟨∇XY, Z⟩ = 0, forcing ⟨Y,∇XZ⟩ = 0 for all Y ∈ Γ(D),

hence ∇XZ ∈ D⊥.

Lemma 5.5 gives that D implies the existence of a Hol(g)-invariant subspace of the same

dimension as the rank of D, and Theorem 5.2 turns this into a local splitting. Theorem 5.7

then uses the flow of ∇g+ to upgrade to a global splitting. By the constructions in the proofs

of these splitting theorems, the Euclidean component dt2 corresponds to the distribution D
generated by the gradient of the Busemann function g+, which is associated to the line γ.

Therefore (M, g) ∼= (R×N, dt2 ⊕ gN).

If M contains another independent line, that is, N contains a line, we repeat the same

exact procedure on the manifold N to peel off another copy of R. We continue doing so until

N contains no lines, yielding the splitting (M, g) ∼= (Rk ×N, ḡ ⊕ gN). □

7. Consequences

7.1. Fundamental Group Structure. Some particularly interesting consequences of the

Cheeger-Gromoll splitting theorem are the restrictions on the topology that the product

structure gives the manifold. Rather simply, consider first the following fact.

Proposition 7.1. If M ∼= Rk ×N , then π1(M, (x0, y0)) ∼= π1(N, y0).
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Proof. For a product manifoldM×N , we have π1(M×N, (m0, n0)) ∼= π1(M,m0)×π1(N, n0).

In our setting, Rk has trivial fundamental group, so π1(M, (x0, y0)) ∼= π1(N, y0). □

Beyond a simple reduction however, consider the case in which the universal cover M̃ of

the compact manifold M splits isometrically as Rk ×N . As to be seen in Lemma 7.3, the

group of deck transformations (which is isomorphic to π1(M) and will be notated as such

throughout) acts by isometries and preserves the product structure. Restricting this action

to the Euclidean factor defines a homomorphism into Iso(Rk), and we will see that the image

of this homomorphism is in fact discrete – equivalently, π1(M) is virtually abelian.

In order to show that π1(M) is virtually abelian when M is compact and M̃ splits, we will

prove a few lemmas about curvature and completeness of a manifold and its universal cover,

as well as some properties about the action of deck transformations on M̃ . We also provide a

critical fact in Lemma 7.5, which will guide our proof strategy.

Lemma 7.2. Let (M, g) be a Riemannian manifold, and let M̃ be its universal cover with

metric g̃ = π∗g, with π : M̃ → M a Riemannian covering. Then RicM ≥ 0 if and only if

RicM̃ ≥ 0, and M is complete if and only if M̃ is complete.

Proof. Consider the Riemannian covering map π : M̃ → M ; this is a local isometry. Since

local isometries preserve the metric, they preserve the curvature tensor:

dπ(RM̃(X, Y )Z) = RM(dπ(X), dπ(Y ))(dπ(Z)).

Therefore RicM ≥ 0 if and only if RicM̃ ≥ 0.

Next, suppose that M is complete. If γ̃ : (a, b) → M̃ is a geodesic in M̃ , then γ := π ◦ γ̃ is

a geodesic in M . Since M is complete, γ exists for all time and extends to some geodesic

γ : R →M . By the unique lifting property, there exists a unique lift of γ to M̃ , and this lift

is defined for all t ∈ R; hence M̃ is complete.

Conversely, suppose M̃ is complete and let γ : (a, b) → M be a geodesic in M . Then if

p̃ ∈ π−1(γ(c)) (where c ∈ (a, b)), we can lift γ to a geodesic γ̃ in M̃ such that γ̃(c) = p̃ and

π ◦ γ̃ = γ. Since M̃ is complete, γ̃ extends to all of R, and so γ̄ = π ◦ γ̃ is a geodesic in M

defined for all t ∈ R. □

Lemma 7.3. Deck transformations are isometries and preserve the product M̃ ∼= Rk ×N .

Proof. First, notice that deck transformations are isometries: since a deck transformation τ

satisfies π ◦ τ = π, we have dπτ(p̃) ◦ dτp̃ = dπp̃. Since g̃ = π∗g,

g̃τ(p̃)(dτ(X), dτ(Y )) = gπ(τ(p̃))(dπ(dτ(X)), dπ(dτ(Y )).

But, π(τ(p̃)) = π(p̃) by definition, hence dπ(dτ(X)) = dπ(X), and so gπ(p̃)(dπ(X), dπ(Y )) =

g̃p̃(X, Y ), thus τ ∗g̃ = g̃; therefore every deck transformation is an isometry τ : M̃ → M̃ .

Second, since τ is an isometry, τ∗(∇XY ) = ∇τ∗X(τ∗Y ). If V is a parallel vector field (i.e.

∇V = 0), then for any X we have ∇τ∗X(τ∗V ) = τ∗(∇XV ) = 0, and so τ∗V is parallel. In

proving the Cheeger-Gromoll theorem, we used the de Rham decomposition theorem, for

which we constructed a distribution D where locally it is the span of a parallel vector field.
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In particular, τ∗D = D. Since τ is an isometry, τ∗(Dp̃) = Dτ(p̃), hence τ sends leaves of the

D-foliation to leaves of the D-foliation, and the same for D⊥.

So, since D is tangent to the Rk-factor, we want τ to send slices Rk × {y} to Rk × {y′},
and each slice {x} × N to {x′} × N . We must have that τ(x, y) = (Ax + b, φ(y)), where

A ∈ O(k), b ∈ Rk, and φ ∈ Iso(N). That is, deck transformations act as isometries and

preserve the parallel distributions D and D⊥ and their leaves. Hence they act by Euclidean

isometries on Rk and by isometries of N on N . □

Lemma 7.4. Deck transformations act properly discontinuously on M̃ .

Proof. Recall that a group action (of deck transformations) is properly discontinuous if for

every p̃ ∈ M̃ , there exists a neighborhood U ∋ p̃ such that τ(U) ∩ U = ∅ for all nonidentity

τ ∈ Deck(M̃/M).

Since π is a covering map, there exists an open V ⊂M containing p = π(p̃) such that V is

evenly covered. That is,

π−1(V ) =
⊔
α∈A

Uα,

where each Uα is open and π|Uα : Uα → V is a diffeomorphism. Suppose U is the sheet of

π−1(V ) containing p̃. Then if τ is a nontrivial deck transformation, since π ◦ τ = π, the deck

transformation τ must permute the sheets Uα. That is, τ(U) = Uβ for some β ∈ A.

We claim that τ(U) ̸= U if τ ≠ e. If not (i.e., τ(U) = U), then τ |U : U → U is a

diffeomorphism such that π ◦ τ = π. But π|U : U → V is a diffeomorphism, so τ |U =

(π|U)−1 ◦ (π|U) = idU , but this would force τ = e since τ is a deck transformation that is

identity on a nonempty open set, hence must be identity everywhere. Thus τ(U)∩U = ∅. □

Lemma 7.5. Let 1 → G→ H → K → 1 be an exact sequence with K ∼= H/G. Then if G

and K are virtually abelian, so is H.

Proof. Since K is virtually abelian, there exists a finite index abelian subgroup K0 ≤ K.

Take H0 := π−1(K0), where π : H → K is the natural projection. Then H0 has finite

index in H since [H : H0] = [H : π−1(K0)] = [π(H) : K0] = [K : K0], and the sequence

1 → G→ H0 → K0 → 1 inherits exactness, which is easy to check. It suffices to show that

H0 is virtually abelian.

Since G is virtually abelian, let G0 ≤ G be an abelian subgroup of finite index. Consider

then the normalizer of G0 in H0,

H1 = {h ∈ H0 : hG0h
−1 = G0}.

Since G0 is finite index in G, only finitely many conjugates of G0 occur, and so we must have

that H1 has finite index in H0; also note that certainly G0 ⊴H1.

Consider then the conjugation action κ : H1 → Aut(G0) given by κ(h)(g) = hgh−1. Notice

that kerκ = CH1(G0) = {h ∈ H1 : hgh−1 = g ∀g ∈ G0}. Since the conjugation action is

a homomorphism (since conjugation by H1 preserves G0), and since G0 has finite index in

G, and since G ⊴ H, conjugation sends G0 to another subgroup of G of the same (finite)

index. But, groups have only finitely many subgroups of a given finite index, and so there are
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only finitely many automorphisms of G0 that can arise from conjugation by H1. Therefore

|κ(H1)| < ∞. The first isomorphism theorem then gives that [H1 : kerκ] < ∞, hence the

kernel has finite index in H1, hence it has finite index in H.

Since the kernel of the conjugation map is the set of elements acting trivially on G0, the

elements of the kernel commute with all elements with G0; hence G0 ⊂ Z(kerκ). Hence

we have a homomorphism π|kerκ : kerκ → K0 with ker(π|kerκ) = G0. By the first isomor-

phism theorem, (kerκ)/G0
∼= π(kerκ), but π(kerκ) ≤ K0, hence (kerκ)/G0 ≤ K0 up to

isomorphism, hence it is abelian.

So, for x, y ∈ kerκ, [x, y] ∈ G0 ⊂ Z(kerκ). Hence kerκ is nilpotent with central abelian

group G0. Then the subgroup Q = ⟨[x, y] : x, y ∈ kerκ⟩ ≤ kerκ is finitely generated and

abelian, and so R := {h ∈ kerκ : h ≡ 0 mod Q} is abelian with finite index in kerκ. Hence

R is abelian with finite index in H; H is virtually abelian. □

We are now ready to prove the following theorem about the fundamental group of M . Note

that the proof is not entirely self contained; there are sub-proofs listed as lemmas immediately

following the proof of this theorem. The goal of these claims is to establish the hypothesis of

Lemma 7.5, which will then imply the desired result.

Theorem 7.6. If the universal cover M̃ of a compact manifold M splits in accordance with

Cheeger-Gromoll, then π1(M) is virtually abelian.

Proof. Since all finite groups contain an abelian subgroup, necessarily of finite index, finite

groups are virtually abelian. So, let us restrict our attention to the case |π1(M)| = ∞. This

implies the existence of nontrivial deck transformations of the cover M̃ , since there is a

canonical isomorphism Deck(M̃/M) ∼= π1(M), which is therefore of infinite order.

Suppose τ ∈ π1(M) is a deck transformation acting as an isometry. Then τ(x, y) =

(Ax+ b, φ(y)), where A ∈ O(k), b ∈ Rk, and φ ∈ Iso(N) (see Lemma 7.3). Let us define the

map ρ : π1(M) → Iso(Rk) by ρ(τ)(x) = Ax+ b.

We claim that this map ρ is a homomorphism, that is ρ(τ1 ◦ τ2) = ρ(τ1) ◦ ρ(τ2). Let

τ1(x, y) = (A1x+ b1, φ1(y)) and τ2(x, y) = (A2x+ b2, φ2(y)). Then

(τ1 ◦ τ2)(x, y) = τ1(A2x+ b2, φ2(y)) = (A1A2x+ A1b2 + b1, φ1(φ2(y))),

hence ρ(τ1 ◦ τ2) = A1A2x+ A1b2 + b1. Likewise,

(ρ(τ1) ◦ ρ(τ2))(x) = ρ(τ1)(A2x+ b2) = A1(A2x+ b2) + b1 = A1A2x+ A1b2 + b1.

Hence ρ(τ1 ◦ τ2) = ρ(τ1) ◦ ρ(τ2), so ρ is a homomorphism. Thus the image ρ(π1(M)) is a

subgroup of Iso(Rk).

Since ρ is a homomorphism, we can write the short exact sequence

0 → ker ρ→ π1(M) → ρ(π1(M)) → 0.

By Lemma 7.5, in order to show that π1(M) is virtually abelian, it suffices to show that both

ker ρ and ρ(π1(M)) are virtually abelian. In order to show this, we establish four claims,

which will be proven as separate lemmas immediately following this proof for cleanliness –

once these have been done, we have the result.
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Claim 1: ρ(π1(M)) acts cocompactly on Rk, and ker ρ acts cocompactly on N (Lemma 7.7).

Claim 2: ρ(π1(M)) is a discrete subgroup of Iso(Rk) (Lemma 7.8).

Claim 3: ρ(π1(M)) is virtually abelian (Lemma 7.9).

Claim 4: ker(ρ) is finite, hence virtually abelian (Lemma 7.10). □

Lemma 7.7 (Claim 1). ρ(π1(M)) acts cocompactly on Rk, and ker ρ acts cocompactly on N .

Proof. First fix y0 ∈ N and consider S := Rk × {y0} ⊂ M̃ . Since the total action on

M̃ is cocompact, there exists a compact fundamental domain D ⊂ Rk × N such that

π1(M) ·D = Rk ×N . Then we claim the projection πRk(D) on to the Rk factor is compact.

Take some x ∈ Rk; then (x, y0) ∈ M̃ and so there exists some τ ∈ π1(M) such that

τ−1(x, y0) = (ρ(τ−1)x, φτ−1(y0)) ∈ D. Projecting to Rk, we have ρ(τ−1)x ∈ πRk(D), hence

x ∈ ρ(τ)(πRk(D)) since ρ is a homomorphism. Hence every x ∈ Rk lies in the ρ(π1(M))

orbit of the compact set πRk(D), and so Rk/ρ(π1(M)) is compact; that is, ρ(π1(M)) acts

cocompactly on Rk.

Second, since π1(M) acts cocompactly on Rk ×N , we claim the projection on to the N

factor C := πN(D) is compact. Take any x ∈ Rn and fix y ∈ N ; since π1(M) · D = M̃ ,

there exists τ ∈ π1(M) such that τ−1(x, y) ∈ D. We can write τ−1(x, y) = (ρ(τ−1)x, φτ−1(y)).

Then πN(τ
−1(x, y)) = φτ−1(y) ∈ C, hence y ∈ φτ (C) (φτ is an isometry, hence bijection,

so inverses are defined; φτ−1 = (φτ )
−1 because φ : π1(M) → Iso(N) is a homomorphism,

following from Lemma 7.3). So, N is covered by the deck transformations of the compact set

C.

But, if τ1, τ2 have the same image under ρ, then they differ by an element of K. Since

ρ(π1(M)) acts on Rk by Euclidean isometries, the only remaining freedom in the N direction

must come from ker ρ. In particular, if we fix a compact fundamental domain Ξ ⊂ Rk for the

cocompact action of ρ(π1(M)) on Rk, then any (x, y) can first be moved by some τ ∈ π1(M)

so that its Rk coordinate lies in Ξ, and then after this, any further deck transformation

preserving the Rk component must lie in K. Projecting to N , we have then that N = K · C ′

for some compact C ′ ⊂ N , hence N/K is compact; that is K acts cocompactly on N . □

Lemma 7.8 (Claim 2). ρ(π1(M)) is a discrete subgroup of Iso(Rk).

Proof. Let p̃ ∈ M̃ , and pick some U ∋ p̃ such that τ(U) ∩ U = ∅ for all nonidentity

τ ∈ Deck(M̃/M). Since M̃ is a metric space and U is open, there exists ε > 0 such that

Bε(p̃) ⊂ U . Then for τ ̸= e, τ(Bε(p̃)) ⊂ τ(U), and also τ(Bε(p̃)) ∩Bε(p̃) = ∅. In particular,

τ(p̃) ̸∈ Bε(p̃), and so d(p̃, τ(p̃)) ≥ ε.

Now consider K = ker ρ ≤ π1(M). Then ker ρ consists of deck transformations that act

trivially on Rk, and so they are of the form κ(x, y) = (x, φκ(y)). Since M ∼= M̃/π1(M) (by

definition of universal cover) is compact, π1(M) acts cocompactly on M̃ by deck transfor-

mations. By Lemma 7.7, ρ(π1(M)) acts cocompactly on Rk, and K acts cocompactly on

N .

Let C ⊂ N be a compact set such that K ·C = N by cocompactness. Pick a compact ball

Br(x0) ⊂ Rk for any r > 0, and set Q := Br(x0) × C ⊂ M̃ ; this is a compact set, being a

product of compact sets.
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Now, let W be a neighborhood of id in Iso(Rk) that is small enough so that for all η ∈W ,

η(Br(x0)) ∩Br(x0) ̸= ∅.

We can do this since if |η(x0)−x0| < r then the two balls Br(x0) and Br(η(x0)) must intersect;

but, η(Br(x0)) = Br(η(x0)) since η is an isometry, hence η(Br(x0)) ∩Br(x0) ̸= ∅, and taking

closures gives this result. Take now τ ∈ π1(M) such that ρ(τ) ∈ W . By the previous display

style equation, pick x ∈ Br(x0) ∩ ρ(τ)(Br(x0)). Since K acts cocompactly on N , the point

φτ (y0) ∈ N (the image of the isometry on N determined by τ) can be moved back in to C by

some κ ∈ K. In particular, take κ such that φκ(φτ (y0)) ∈ C. Now ρ(κ) = id since κ ∈ ker ρ,

hence ρ(κτ) = ρ(τ) since ρ is a homomorphism.

If we consider the point (x, y0) ∈ Br(x0)×N , then under the action of κτ ,

(κτ)(x, y0) = (ρ(τ)(x), φκ(φτ (y0))).

Since ρ(τ)(x) ∈ Br(x0) and since φκ(φτ (y0)) ∈ C, we have (κτ)(x, y0) ∈ Q. But, this means

that if we take any (x, y) ∈ Q ⊂ Br(x0)×N , then its image under κτ also lands in Q, and

so (κτ)(Q) ∩Q ̸= ∅ for every τ ∈ π1(M) such that ρ(τ) ∈W ⊂ Iso(Rk).

Finally, since π1(M) acts properly discontinuously on M̃ , the set {τ ∈ π1(M) : τ(Q)∩Q ̸=
∅} is finite for any compact Q in M̃ . Applying this to the Q we constructed gives that

S := {τ ∈ π1(M) : τ(Q) ∩ Q ≠ ∅} is a finite set. But since (κτ)(Q) ∩ Q ̸= ∅, if ρ(τ) ∈ W

then κτ ∈ S for some κ ∈ K. But ρ(κτ) = ρ(τ), and so ρ(κτ) = ρ(τ) ∈ ρ(S), hence

ρ(π1(M)) ∩W ⊂ ρ(S).

Since S is finite, so is ρ(S). If we shrink W arbitrarily small so that it contains no

non-identity element of ρ(S), then ρ(π1(M)) ∩W = id, hence ρ(π1(M)) is discrete. □

Lemma 7.9 (Claim 3). ρ(π1(M)) is virtually abelian.

Proof. The structure of the Euclidean isomorphism group is Iso(Rk) = Rk ⋊ O(k), and an

element is (A, b) acting by x 7→ Ax + b. Consider the linear part A ∈ O(k). Define the

homomorphism ℓ : ρ(π1(M)) → O(k) by (A, b) 7→ A; then since ρ(π1(M)) is discrete as shown

in Lemma 7.8 and O(k) is a compact (Lie) group, any discrete subgroup of a compact group

is finite. Hence ℓ(ρ(π1(M))) is finite, and so |ℓ(ρ(π1(M)))| = [ρ(π1(M)) : ker ℓ] <∞. Notice

that ker ℓ = {(I, b) ∈ ρ(π1(M))}, which is an additive subgroup of Rk. Since ρ(π1(M)) is

discrete in Iso(Rk), ker ℓ is a discrete subgroup of Rk, and therefore ker ℓ ∼= Zr for r ≤ k by

some linear algebra. So, [ρ(π1(M)) : ker ℓ] <∞ and ρ(π1(M)) is virtually free abelian. □

Lemma 7.10 (Claim 4). The group ker ρ is finite (hence virtually abelian).

Proof. Recall that we are in the setting that M is compact with universal cover M̃ ∼= Rk ×N ,

and we have shown that K = ker ρ acts cocompactly on N . Since K ≤ π1(M), each κ ∈ K

is a deck transformation of M̃ , hence it acts freely on M̃ . By definition of the kernel, each

κ ∈ K fixes the Euclidean factor, so κ(x, y) = (x, φκ(y)) for some φκ ∈ Iso(N); hence K acts

freely on N . Further, since deck transformations act properly, the action of K also is proper

on M̃ , hence it is proper on N . Since N/K is compact, and since the action of K is smooth,

free, and proper, we can apply Theorem 21.13 [Lee13] to get that π : N → N/K is a smooth

covering map.
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Since N/K is compact, we can choose finitely many evenly covered open sets U1, ..., Um ⊂
N/K covering N/K, with each Ui compact. For each i, take a sheet Vi ⊂ π−1(Ui); then

V =
⋃m

1 Vi is compact. Since every point in N/K lies in some Ui, every K-orbit in N meets

V , thus K · V = N .

Now, we can apply Lemma 21.11 of [Lee13] to the proper action of K on N . For each

p ∈ V , there exists an open neighborhood Up such that κ(Up) ∩ Up = ∅ for all nonidentity

κ ∈ K. Since V is compact, we can take a finite collection of neighborhoods {Up1 , ..., Upk}
covering V . We claim then that the set A := {κ ∈ K : κ(V ) ∩ V ≠ ∅} is finite. Indeed,

if κ(V ) ∩ V ≠ ∅, then for some i, j, we have κ(Upi) ∩ Upj ̸= ∅. For each fixed pair (i, j),

properness of the action implies that only finitely many κ can satisfy this condition. Since

there are only finitely many pairs (i, j) (there are k2 to be precise), A is finite.

Finally, we claim that A = K. Let κ ∈ K. Since K · V = N , the point κ(p) lies in η(V )

for some η ∈ K, where p ∈ V . Then η−1κ(p) ∈ V , hence η−1κ(V ) ∩ V ̸= ∅, hence η−1κ ∈ A.

Therefore every κ ∈ K lies in a left translate of the set A, but because V meets every orbit

exactly once after shrinking the chosen Vi if necessary, that translate must be unique, hence

we can identify K with A. Therefore ker ρ is finite. □

Since we have shown Lemmas 7.7 through 7.10, we have proven Theorem 7.6. Further, we

have the following corollary of Lemma 7.7 and Lemma 7.10.

Corollary 7.11. Let M be a compact manifold with Ric ≥ 0, and suppose that its universal

cover M̃ splits isometrically according to Theorem 6.1 as M̃ ∼= Rk ×N . Then N is compact.

Proof. Let π1(M) denote the group of deck transformations of M̃ . As we have seen, under

the splitting M̃ ∼= Rk ×N , each deck transformation induces an isometry of the Euclidean

factor, giving a homomorphism ρ : π1(M) → Iso(Rk). By Lemma 7.7, ker ρ acts cocompactly

on N , and so there exists a compact set C ⊂ N such that

N = (ker ρ) · C =
⋃

κ∈ker ρ

κ(C).

Since each κ ∈ ker ρ acts on N by an isometry (in particular, a homeomorphism), each κ(C)

is compact. Also ker ρ is finite by Lemma 7.10, and therefore N is a finite union of compact

sets, hence N is compact. □

7.2. Manifolds with Ends. Another consequence of the Cheeger-Gromoll theorem concerns

the geometry of the manifold at infinity. In particular, if a complete manifold of nonnegative

Ricci curvature has two “ends,” then we can construct minimizing geodesic connecting points

in these different ends, and then use a compactness result to pass to a limiting geodesic line.

An application of Theorem 6.1 then gives that M splits off a Euclidean component.

Definition 7.12. If M is a complete, noncompact manifold, then the connected components

of M \K (where K is an arbitrarily large compact set) are called the ends of M .

If a manifold has two ends, then for some compact set K, we have that M \ K =

E1 ⊔ E2 ⊔ (bounded components).
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Lemma 7.13 (Arzelà-Ascoli for Geodesics). Let M be a complete manifold, and suppose

γi : [−ai, bi] → M are unit speed geodesics such that ai, bi → ∞ and γi(0) lies in a fixed

compact set. Then there exists a subsequence converging locally uniformly to a geodesic

γ : R →M .

Proof. First notice that images stay in a compact set locally. If we restrict to some interval

[−R,R], then for some s ∈ [−R,R], we have d(γi(s), γi(0)) ≤ |s| ≤ R since the curves are

unit speed. Therefore γi([−R,R]) ⊂ BR(γi(0)). Since γi(0) ∈ K and K is compact, BR(K)

is compact and γi([−R,R]) ⊂ BR(K). Hence all curves stay inside a fixed compact set on

[−R,R]. Also since the γi are unit speed, d(γi(s), γi(t)) ≤ |s− t|, hence the γi are 1-Lipschitz,
hence {γi} is equicontinuous.

We have established the hypotheses for Arzelà-Ascoli, and so for each fixed R, the geo-

desic segment γi|[−R,R] has a uniformly convergent subsequence. We want to upgrade from

convergence on just [−R,R] to any compact interval. To do so, consider [−1, 1]. Then

γi([−1, 1]) ⊂ B1(K) as shown earlier, and the γi are equicontinuous. Hence Arzelà-Ascoli

gives the existence of γ
(1)
i that converges uniformly on [−1, 1]. We can repeat this on [−2, 2]

to get γ
(2)
i that converges uniformly on [−2, 2]. We can continue inductively to get that in

general, γ
(R)
i converges uniformly on [−R,R]; also note that γ

(R)
i ⊂ · · · ⊂ γ

(2)
i ⊂ γ

(1)
i .

From this, define a new sequence by taking the Rth element form the Rth subsequence,

that is, γ̃R = γ
(R)
R . Notice that for any fixed m, all terms γ̃R such that R ≥ m lie in the

subsequence γ
(m)
i , and γ

(m)
i converges uniformly on [−m,m]. Since this holds for any m, we

have γ̃i → γ locally uniformly on R. Further, γ is a geodesic, since γ̃i(0) ∈ K and |γ̃′i(0)| = 1,

hence the initial data (γ̃i(0), γ̃
′
i(0)) lie in a compact subset of TM , so after passing to a

subsequence, γ̃i(0) → p and γ̃′i(0) → v. Then there exists a unique geodesic γ with γ(0) = p

and γ̇(0) = v, and by smooth dependence on initial conditions, γ̃i → γ locally uniformly. □

Theorem 7.14. If a manifold M has two ends, then there exists a line.

Proof. Fix p ∈ K and take sequences {xi} ⊂ E1 and {yi} ⊂ E2 such that d(p, xi) → ∞ and

d(p, yi) → ∞; that is, these sequences diverge to different ends. Take γi : [0, ℓi] →M to be

minimizing geodesics from xi to yi. Since the points xi and yi lie in different ends, any path

from xi to yi must pass through the compact set K, hence each γi intersects K. Pick ti so

that zi := γi(ti) ∈ K.

We now want to recenter the geodesics. Define σi(s) = γi(s + ti), hence σi(0) = zi ∈ K.

The domain of σi is then [−ti, ℓi − ti]. Since xi, yi → ∞, we also have that ti → ∞ and

ℓi − ti → ∞, so this domain extends to infinity in both directions.

By construction, the zi lie in the compact set K. So, we can pass to a subsequence zik
which converges to z ∈ K. By Lemma 7.13, the curves σi have a subsequence converging to

a geodesic σ : R →M . Each of the σi is minimizing between any two of its points, since it

comes from a minimizing geodesic. Thus for s < t, d(σi(s), σi(t)) = t− s, and taking limits

gives d(σ(s), σ(t)) = t − s, hence σ is globally minimizing on every interval, and so σ is a

line. □

Corollary 7.15. If a manifold with Ric ≥ 0 has two ends, then it must split isometrically as

M ∼= R×N with the flat metric on the Euclidean component.
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Proof. By the previous theorem, if a manifold has two ends, there exists a line γ : R →M .

Since Ric ≥ 0, we can apply Cheeger-Gromoll to get the result. □
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